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Foreword
Over the past 20 vears a scientific disciptine which is refere!

to variously gis a general theory of comrunication (A, AL Kharbevich?, o
mathematical theory of commurication (P, Shannon), a <tatistical theory
of communication (I, Middleton), a theory of communicatic in g brood
cense tin distinction trom o theory of communication in i naritow sense
eneompas<ing 4 gintitative Jdetermination of anformation and codipg

1 b d o 5 ,.I!‘. N .:’ e Lol CRPEE

o s e Mo St e o W e e ]

coveril technolopical and mathematical scicrces, Yany popospranhs
texthooke whiich it fer from one another in the ranve oF probleme treate!,
the lines of thought pursued and the intended wlieonce have Peen devoted!

to thos theory, However, it would be dirticult to find mone ther o

work tirst ) which gives sutficient treatment to problems in the theorv of
transmission and reception of discrete messapes, these problems in all
probahility, being at the present time the most pressing for communication
technology and, second, whica is intended not for specialists in the field
of mithematics hut tor rescarch enpincer< enpaved in developing communica-
tion svstems.,  This situation motivated the author to vather and svstematize
extensive materials <cattered througheut many ragazines and to combine

them with hic own oripinal work in a hoor which aprearet for the first

time in 1963,

Fhis hool i< the secend odition and 1t retflecis extensive revision
and addition. Manv results which bave arpeare in rubiications or were
obtained by the author Yollewing the nrintine of the first edition are
incluwled.  The ranpe Hf questione treated v comewhst extenced and errors
found hy the author and readers have teen corrected,  Iwo new charters Jde-
voced teo multinlexing channels and Bailding feedbhacl svetems, which re-
ceived only superticial treatment ip ~he Cirst edition, have heer added,

A zhort table ot Dovapctions has been added in the form of an apvendix
inasmuch ¢ no such tabhle 1« to Be Yound in pvailable reference titerature.,
Yurtaer, several cections which are ne longer of any particular interest
have been deleted, 1o view o the Timited scone of the hook 14 was not
considered poseihle to pive tull freatment to pumerons new results per-
taining ro diversity recention and rto the recention of messages trans-

S

Y

mitted over-paralle! channeles, L oenecial meonovrarh nrepared by
Andronov with the author's heln will he devoted to these nrohlomg,

oS Andrenov vave the author o ereat deal of help in working on
the second edition. “pecitically, he wrote Yemark 1 in Chapter UV and
part of the new material in Chapter VI B. Do Kagan gave the author o
great deal of help in arranging the tformat of the manuscript and preparing

it for printing and also in writing Section 10,7

Valuable comments and advice trom manv readers, especiallv 1. F,
Rorodin, D, D, Klovskiv, \'. 1. torzhil, B, R, Levin, Yu, <. Lezin, A,
Sikarev, 1. 6. Khanovich, B, S, Tsvhakov and also from manv others were
taken into consideratien in revising the book. The author is indebted

=it =
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: be considered apart from cne another. Indeed, cuach of them could he ';
i solved at the expense of the others. Vor examnle, it is ecasily possible ]
L: to increase the fidelity of information received bv decreasine the rate ;
A of transmission or by increasine the strength of the signal, etc There- ;
: fore, only by taking all these indicated factors into consideration are :
3 we able to correctv formulate the problem of ontimal desien for a com- ]
minicaticn svstem, The wayv in which this probiem is posed lepends on 3
concrete conditions, In <ome cases the preatest pessible cconomy for the ;
, least possible exponditure of power) must he puarantesd while reeting :
4 demands tfor o given level of fidelite and rate of trapsmi-sion.  n other £
2} cases the rate of transmission and signal strenpth mav be prescribed and i
: providirg for maximal fidelity may be required, etce.
{
Such problems constantlyv arise before engineers who are < :signing j
and operating various svstems and information transmission li.es and also '
developing suitable equipment., Tn order to solve them these engineers [
must hiave precise knowledge of the theorv which vermit them to find on- i
: timal (or close to optimal) conditions by commaring relatively simple :
4 calculations without resort to expensive experiments, :
‘ A general theory of communication came into existence relatively é
recently, It is closely associated, on one hand, with the cvhernetics 3
: and, on the other hand, with the theory of nrebhahility, mathematical sta- :
f tistics, decision theory, theorv of random processes, ete,  In the main :
i it has developed aleny twe lines. The first line wias begun with the worts §
- of V. A, Kotel'nikov in the USSK and D, *iddleton and othe "s in the 11SA, ;
] It amounts, in ecssence, to a theorv of statrierical detection and disert - é
3 nination of signals or to a thearv of potential resistance to inter- )
: ference., The second line, which 1s Frown as informaticin t eorv, was j
4 begun by the works of 70 Shannon (1'S\Y 0 ft i< bhased in Ia oo measure on I
¢ the works of . N, Kolmogorov and has found a rig -ous toundation in rthe }
3 works of A\, Ya. Fhinchin anl . 1. Dabrushin, v, Vavnstevn, and others, ]
In these worls, thankbe to the introaduction of the concept of "amount ¢ ;
2 information,” it was found possihle to think in a different vav atout the g
. technical indicaror< " a channel of communication, such s carrviay i
capacity and resistance to interterence.  Drering the past few vears i
thought has been given to a svnthosis of these two tines whi b snpple- 1
] ment one another and are closely bound by the general nature of rhe neoh ¢
R lems to which thev are applied, 1
] !
4 As already noted, the case of transmission of discrete messages 1
as the simplest case, has been developed in greatest detail in the pencral i
theory of communication, XNevertheless, this theorv still toails to give an .
¢ exhaustive answer to many problems which are advanced by modern communica- 5
7 tion practice. Thus, resistance to interforence and carrving capacity of i
3 2 line used for transmitting discrete messages have been studied onlyv tor
‘ the ideal case when the sole %oy eervi.g to dictort a signal heiryg re- i
4 ceived is additive interforence. Furthermore, oriy one form of inter- 1
g ference, which is expressed as a stationarv randem process with a nermal g

distribution of probahilities of instantancons va.ues, has bheen thoroupghly
investigated.
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In actual communication channels, alonp with additive interference,
there are other tactors which distort a signal, for example, fluctuations 7
in phase and amplitude of a signal (fading), the existence of an echo, cte.
Along with the thoroughly studied noise interference in radio channels,
an essential role is plaved by mutual interference created by simultaneously
operating radio stations, interference of an impulse nature, ctc. All
these hindering factors bave been studied in the general theorv of communi
cation to a much less extent than norma! noise interference., As a result,
there is a serious danger of applving certa’n thearetical conclusions,
which have enjoved wide popularity lately, in situations fundamentally
different from these for which the conclusions were drawn.

T Y R

o

ST ——

S T el e Sy

One ~xample is the situation existing scveral vears ago vith respect
to correcting codes. This theory was intended, until recentlyv, to apply to 2
a certain idealized "discrete channel” in which there exists a certain nro-
hability of incorrect reception of a transmitted svmbol, regardless ¢
how other transmifted syvmbols were received. Various correcting codes were
developed in large numbers on the hasis of this theory which, however, did
not find practical application, Onlyv lately has coding theory hepgun to
allow for certain peculiarities of actual communication channels and this
s made it possible ta devise codes to inerease the Didelity of a received
message, not only theoretically but also in practice,

S AL

The purrose of this book is to <et forth a modern theory of trans-
mitting discrete messages encompas~ing as fullv as pescible the various
conditions which prevail in actual commumication channels., Where possible ;
theoretical results are reduced to formulas for engincering calculations
or granhs to aid in obtainine specitic recommendations apnlicable in the
design of sverems and communication cauirrent,

Fhe great variety and comnlexity of the prohlems involved in trans- .

mitting discreie mes<ages prevents giving full treatment in one hool to 9] ]
the questions posed and giving complete solutions to pronlems which arise, i
Specifically, no mathematical exposition i< piven here tor the "clas<ical’ {

theory of information.  Those results o information theory which are re-
quired for solving the problems talten up are presented duringe the course
of exposition, sometimes without srrict conclusions but with reference to
sources where thev can e tound, VPurther, no treatment 1< given o
number of technical problems such as <pecific eanirment circuits or 3

i

separate comporents, although, where vossible, atten ron s devoted to 1
the prohlems involved in technological feasibility of various rethods for :
designing items of cquiprent, evaluating their complioxityv, and cthop tech. 5
g . o o N g ! o E
nical problems attending implerentation Hf varions cormunication svatens, |
. - EY

It is assumed that the reader has knowledpe of the fundarmertal t the i

theory of probahility, including an elementary bnowledoe of the thoory of
stationary random processes (the concet of a correlation function and its
connection with an enerey spectrupe),  Several concents in patteratical
statistics will bhe explained s needec when thev are introdu ot 7w
knowledpge of other sections of mathematics necded ie that neaal iy vetlocred
in courses taught at higher technical sohoanic,
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ol Messaae. | Signa vl o Pl by

Any message is o certain ageresate of intormatioc about che o0 o p
some material <syster which fs tranamitoe - byogomgg I T =il i
this svstem to another man (v device™ P at cedizari v hgs peove ol 1
getting this aggregat» of irformation " v Qi aiwepuatjor, dii :
material svstem, together with the obeerver, is rhe messape wone oo, : |
order that an item of information he *ransmitted usetuliv 1t 10 recessan ?

to employ some phveical nrocoss, A changing vrhvsicod magnitule ooy
example, corrent in a wire, electromagnetic ficld, sonpr ! waioe, otelt re
flecting the message is called a sipnal.  The aevrepate of reans irtendeld

dor thé rurpese of tpranamittizg o <leral ie -alled o copmeesi = ooeiarne ], i
Here hyv "means” is naderstond the vbhvaical rediar oWl ioh 0 cienag I« |
propagated as well s the device itself, VvV oaigr.l i« roceivel YWeon re- '
cipient. Bv lnowing the low icining messave and aignal Ve recinient i«
able to determine +he information contained on the rescape,  V ooipre! e ;
not known ahead of tire by the recipient of e message nd Peoret e g i
is a4 randem process, A
¢

Alonke Winib g wipn ot ety gragars ttesl st e Gl EECON T, P = 1
cther random rrocesses of cariove ceigin sqlied Terartapas cpe ey L
The presence of intertig meeid e T tmind amer e a1 E gy :
tion of the message,

The commnn i & o Jhur bt St T o0t b e sdechied Seir s e 94
r‘(‘Ci}‘i(‘T‘T, ek .;f"‘l‘ R N INTY LR R R TR [
restoratior of mess e base boon the e D e e el iy e lled e ]
carion svetem,

Sometimes o cbannel st U e F i e o CH (e mgp
sour.es o several recivients, o oSuet o channe ] o calle b et aptess i
channel and «ii! Ye -—merdered in fhiaptes 0N

A very general diagram of 4 comrunication syvotem is b own gn ‘
Figure 1.1, Here by transmittirg Jdevice [s reant all the cquicrent o.ed
to o convert o message into a signal oand taoreceivine device s oreant
the eauirment rined ro wepctore *hp rece pn Teo Ty e vorthe o greel ey

he et poapinrmert qe velay oid Dier
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by
Messaqe Trans- f FPrmeiyving Message |
source — | mitting fhanre —] et e | veCinien
device
Fiqure 1,1, Diagrar of 4 Commiung -
catior System,
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Fiqure V.7, Pertaining ¢ Defia’-
tion of a Ctannel .

we note that the concept of "channel™ i< not strict!yv detined.  For
example, let a <ignal heing fransmitted {rom Point vt Eaint 0 (Pipure
pass in sequence through several links ) by Lo, 0 0, b, which mav
represent, for example, amplifiers, cable wections, we'iur *hroueh which
electromagnetic or acoustical waves are propavated, ¢toc. The ageregate
of a'1 these links can be called a channel, Put it is alse noceible 1o

S—

consider some ot the links, for example, from ¢ to i, & chaniel, is=igninge

links a and b 1o the transmittirg device and tink b ot the receiving de

vice. In the general theory of copmunication it is convenient to call a

channel anv nart of o svstem of cowmmunication which, accordire to the cor i
toons of the nroblem bheinge solve !, je imneoail e nr urdeciral oo TR
[t is in tnis cense that we w0 anderstand he terps 7 banne !,

From a mathematical point of view ¢ Jdesoribe o chame] mene fo
indicate what cign. Is can he Jelicored 1o Tte input @ bt the Jiaes
bution wili e of meebabi Tigi®ss o g Qe gl 5 e puiasg; @n b G e
cignal at its input, Tinding such meth v fo o ey e o ressape v
sigrals in_a given channel amd the reoer o corversios 0 Sivga] mEpe et
1m0 ! message An wkich, i e cemitain sppp e, e eac g sl T e ¢ appen oo e
~F messages is provide! fe the generdt o opailes 7y L cia e

Wit actual magerial svetem Jrigh ge maps 8 g mnl g aue < e ” .
a continuous series ot «tiutes Hlowesray g e e g s AR e m g .
never exhauste all peculiarities of 3 e 1o =0 =gy o =00 agee v e
discrete ri.e,, finite or calalable cee s ot .o
that *Le medeape <y e e oo vecte
Flern we depart from cuantus Lawe Wb et e b oL ‘ ° @
ctates of g svster ifwavs Te D < irete

v
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1 In order to judge whether a certain messape source is discrete or §

3 continuous it is essential, after selectine a finite interval of time
f of duration T, to consider the entire set of messages «T which o piven g
3 :
] source could create during this time,! 1f this set is finite, the messave ;
” source is discrete, otherwise it is continuous, 3
X Understandable, with an increase in I, the numher of various mess ges %
3 \T increases and this can create a discrete source.  This number increases ‘
: exponentially tor all sources [T}, Therefore, if interval of time T is f
not limited, set A\ i< alwovs intinite, However, tor a Jdiscrete messape :

source it will alwavs he calculable.  This means that all conceivahice
messages can be arranged in accordance with o certain law into o series 3
mnd enumerated,  For examyle, for a source creating messages in the torm E
of text, written, sav, in the Russian alphabet, ic is possibic to sub- p
divide all possible messupos into groups differing in the number of letters ]
in a messapge, to arrange “hese proups in the order of increasing number ;
of ietrers, within each group to arrrnve the messagves in alphabeticai ;

order, and then tro enumerate the sequence of messapes obtained., 1t Tollows

that such a message source is discrete. oy two messapes from this sonrce, !
if they are not identical, will differ by it least one letter, i
4
Adevice transmitting the results of peasurements of some continuons 3
magnitude, sav atmospheric pressure at a particular pluce, provides an 3
example of a continuous source, [ two messages from such o source are 8
not itdentical, they mav differ from one another by anv amount however E
small.  When this is so, no matter how little messape A Jdiffers fror By :
it is alwavs possible to have a certain message O which witl differ from 2 3
les« than from B, Such a set of items of information forms o contimm 3
and cannot be enumerated.” i
However, this continuous <o urce will be discrece if two conditions |

are imposed upon it,  Firvst, it must pive a message about the magpnitade of

atmospheric pressure at certain, vreviously prescribed instants of time.

It must round the mousured values off to a certain accuracy (sav, to

0.00 mm Hg). Tt can easily bhe seen that such a modified source is discrete.

At the samne time, if the indicated instants of time are sufficientlv fre-

quent a d the accuracy of approximated representation sufficiently ureat,

trom - practical point of view such a Jdiscrete source is in no wav inferior [
to a continuous source. Nevertheless, resort is npot alwave had to Jdis- }
cretizing or uantizing a message,  Yor example, 1 source transmitting the

't should he stressed that here and Jater we speal of a4 set of mes<ayes
Foa saurce could create and onot of actually created mess<apes.  Prom
*his <rt glmave cne rmessage i< realized in practice. 1f a certain messave

Wi e

vt T gnt faliowing 10 0 <ecapd receqpe Tastinge TL i transeitted, ther
d T Se e Sl af medi ey s praell e Lot RE B TR (ESERATAS ')
[ Sl TL0T TeRiase I
Perhars o woyl 0 0T S g ' 13 AR Frrmrin] Bt b e err !
“continuoue tae {ound wile 4 cestan e ]
I
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ARy T N Py Sy e LR bs o2 e -
A it DI e S o o el B s o -
tmar s e i Els s




Pl st A MAIARAE LS Pt o i Ol o D10 6 O SRR T Sl R S P e

the magnitude of acoustic pressure in front of a microphone (in telenhony
or radio hroadcasting) remains in most cases continuous,

In this work consideration is given onlyv to messages created by dis-
crete sources which for brevity will be called discrete messages,

Discrete as well as continuous sources can he subdivided into two
tvpes: sources with a controllable rate and sources with a {ixed rate [3].
In sources of the first type messages are stored in recorded form and are
issued on demand from the transmitting (coding) device. 1In sources of
the second type messages are issued ¢f certain instants of time which are
determined by the source itself and do not depend on the functioning of
the transmitting device, '

The text of a telegram which is to he transmitted by telegranhic com-
municiation line, a phototelegram hlank, or a perforated tape are examples
of sources with a controllahle rate, Manv pickups in telemetric svstems,
clectronic computers, a man speaking into a micronhone, or a plav trans-
mitted by television provide examples of a source with 2 fixed rate,

Often an element of buffer memory is inserted between a source with a

fixed rate and a transmitting device. [ the capacity of the buffer memory

is increased without 1imit, the conditions of messape transmission aprroach
thos~ which prevail when the scurces have o contrallable rate,

1.2. Conversion of Message Into Signal

The form of a signal passing along a communicati o ~hbannel i< deter-
mined by the physical peculiarities of the medium bhorwe pothe transritter
and the receiver. In electrical communication channels <he <jpnal arourt
to a current in a conductor or the intensity of ar eleccric Tiend and n
acoustical channels it is the sound rressure, ete,  lenoring the phyei oyl
essence of a signal, we will con<ider o <set of signals as cer 7 o 0 cere
tain function z(t)V. Argument t i< usually time and onlyv rhys rarticular
case will he considered here althouph ir a more cencral theoprs o g baee
another meaning (tfor examnle, the coordiniates of 4 peint when vecordirge 1
message on paper). Fach signal of “his set i« detined in o liricel cector
of arpument t,

For transmitting inforration with the help o¥ <ipnals 10 oo nog
to estahlish a certain mutual relationshin hetweer each ¢ tho maca bl
messiages in set \and certain <ienale enlected from o cns T These qeles
<ignals ferm a subset "n.

Generally speabing, this reiationship peed not be rucua iy urcone
However, ir a reasonably dec<igned cormmunication cveter 10 mget b gnigne (-
at least one direction, Srecifically, to cach <pgnal ip suybees 70 —yee
correspond one detinite rescage in cet V. T8 thic conditinn s rat cer
then even in the abeence nf anv factare at all which Jicenrt the crpey? |
12 1rerngcih]e with carplete reliabhilisy *na rectore a4 meccigr ve e ! r
accrrdance with the <ipny) recers ot he e eree telataschon =y he e

B s bt b o e a2 - e
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often is, amhiguous, this not precluding the possibility =€ valid res-
toration of the message.

Thus, the svstem for converting a message into a signal and bhack mav
be given in the form of a table, that is, a dictionarv wherein certajn
signals of subset Z“ are matched with all messages in set A, In the

general case, if time T for message formation is not limited, such a Jdic-
tionary would he infinite in size. RBut even with a limited time T, ven
set A is finite, in most cases it holdes such a large number of pesa:tle
messages that compilaticn of such a dictionary and storage of it in the
torm of a recording on paper or in an electronic memorv is im racticable,
Only for the most primitive message sources, when the number of elerents

in set A is very small, is such a dictionary methad of conversion suitahle,

In other cases, instead of the direct dictionary methed of conversion,
use i~ made of a more convenient procedure which amounte to partitioning
all possible messages in set A into a sequence of <everal “elements” or
"elementarv messages' or "letters,"” which form the finite et Y having o
rather small numher of clements,  Such partitioning i< u<u. v done Wy
the message source itselt and car be done in varieus wave, e will rre-
sent several examples.

Fxample 1. let a message measure 4 certain scalar ragnitude with or
accuracy of . Tab np ¢ as unity, 1t is possible to Jderict every result
of measurenent »v 4 vhole rumber, Thi< number can “e written with dipice
in the decimal o1 ans other sveter of numhers,  Then anv ressape which s
the recult of one meisuremen’t or a scauence of results of several measure-
ments can be partitioned into 'ipits in the <elected < item ¢ nurhere,
Tach digit repre<ents an elementary rmecs,pe tor “letter™) <o that ohe (et
T (in the decimal svetem) can on this exarple cortain 10 elerents,  In
several cases it jc advieahie te include t= Vv one additional clerentan
item of information feemarating indicating that a piven result of¢ reasysr
ment i< terminated and ar tem about ancther result e bpginniag,

Pxample 2. Vecure that source ressapes ¢an de ewvressed in anrds

and recorded in sorme language.  Ther a letter of the alnhabet o¢ the piyvern
language (after ancluding 1 1t serarators Hetueen worde and cuynetyaty o
marbs) can he talen < oar elementary sessage, It owoulld
rte tale a4 word or certerce 1< an elesentary reccape. V]
¢ omartitioning lead to a Finite set V, homeser, rartitiorsrye baoword or
entence s in nractice incomenient <rnce in *his case Vowg!

very large nusmber of clermente,

Alse e rpsceih]e
'
i

theve =¢*hnds

\ fentain A

Fxarple 3, In the general case of anv hreorete <nrurce all reosable
reccages  as indicaced 2veve, forr g calcularle set oand can be enurmerated,
T™he lia, 1n accordance with which emmeration i< cerforded, can he <elece!
in Tight of the precutiaritie of a piven ercdi T cource.  "he nunber of
cach message can Yo wriftten in any nurher <svseten and ecach digit 0f thic
nupher talen a< an clermentary ~e<sage.
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i The last example shows that vartitionine irte elerentary ressaper s
: noprinciple possible for anv disorete ressape seurce, The set of el
3 mentary messages thus obtained will he called ohe source aleb ber, 0
¢ . a . o . E
numher ot elements on the alphabet i of alehaber 001 b deaypn g ed
by the letter |
Thus cadh messare o from o set A can be orenresented g the Caee 0y
cedtience of elements voof et Vo
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the duration o cach element ot the <ipngl, ooy 0y ey Mebie an
vary for vartous code svmbols, and al<o can have oo e s aeng e Twth
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We w, consider the basic ideas of this theory as anplicable to g ;
die rete source emitting a <eries of elementary messages,  We will try to d
tind @ convenient measure of the quantity of information containe:!d in o 3

certain message.  The principle idea in the theorv of infeormatior i the
this measure is defined not by the concrete content of each message but
by the fact that the source selects a given elementary mecsapge from the

finite set X This ddea is justificed by the fact that on this basis it
has heen possible to abtain 2 series of <ignificant and at the same time
nentrivial results gyreeing well with intuitive ideas about information
transmis<ion,  The most important of these results will he further set

S by

Corth,

st Lo

\nd o, 1t 4 cource verforms celection of one elementary meas<ag 1

soth s L 0 Y Sror alnhaber <ot X, then the amount of infpmation
L ' |
emitted by it does not derend on the specific content of this element o 3

on how the selection is made. 1 the ceolected nescare elerent e detrer
rmined itn advance, it is natural to assume that the information coantained

In it i< equal to zera,  therefore, we will consider that the selection
lat ver | & fales, plage with a certaim bt |y e Bal TS wmrot b Res

1

can, generallv o svedbing, Jenend on o what ceguence precedes the gives feeeor
Weo wi 1D o asaume that the ameane oF dintormation faclonbed ie o elementary
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1 will designate this conditional probahility: by n(xL x. 1. Then the amount

3 of information letter X, will be expressed by function :[NxL x. 7.

1

1 On the other hand, the prohability of selecting a pair of letters i,

3 according to the rule of multiplication of probahilities

; . .
Pl vy ooy (RIS

2

The requirvement of additivity of amount of int-r=acion in enlareing

[ an alphabet leads to the equation

glrvval ¢ ool sl e

ploa vy

Let P(xi] = p and p(xl x.Y = q. Then *Yor anv v and a1
' ; { =
'i, O q - 1Y, the following equation must heid:
"‘/" oy ) G ry.s
|
The cases p = 0 or g O are excluded from corcrlnration cince is
i consequence of the finite numbher of letters in the alnhjhoet | thece
cauations indicate that sclectior hy the <ource of the letter vair AR
) . ; i
i< an impossikle event,
Fquation (1.3) i« a4 tunctional equation froam which mede o0 tanes ran
can he deterrinel.  We diftfeorentiate beth varts of camtion 1030 with
respect too
[ VO A Pl
: be will mplziply both sjlec mf ke cauat izn ohtained v and antre-
fuce the enuality ra = v, ther
r B!
This ecauation misr hetd Qe e (0« o< 1Y and any ore v oo,

the latter limitasion (r =l et <ignt Y qnee wrree equatcan LD

thic Jonctderation are conmdy

“Tn essence all probabilitiece Yipuring ir
v oantroducing the

tronal since thev depend on Jetters preceding x. .
designitior plx, b3 we anly etress chat ap comrnting this nrebahitity,
; ]

b

we must corcpder selestion oy
rreceding it

othe letter v, itselt ac o well as the letters

S = g s o ~ —t
i i, 2 R et . o e o
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not signiticant <ince equation (1.7 is syvmmetrical with respect to poand
roand, conseqguently, must he met tor anv pair of positive values of arpu-
ments not exceeding unity,  Buet this is possihle only it hoth sides of
(1.4Y represeat o certain constant magnitude b, whence

‘.
/!.,'(/h ". v (/”

Integrat: oy the cauatitop ohtained we find
W .’|I‘,"'r. [l =o®
wheee O oisoan arhitrary constant of integration,
tormula (1.0 detines the class of functions :(m) expressing the
amount of intormation in the selection of letter S having a4 probabhility of
p'xi‘ = poand =atistving the condition of ablitivity, For o determination

ot the constant of integration o we use the condition expres<ced ahove in

coordance with which a nreviously determined messiape element, i.c.,

having a probability »o= 1) contains ne information, It follows that
o= 0 whence Tt immediately tfollows that o = 0,

\s tar as the proportionality factor bois concerned, it can he
selected arbitrarily since it only defines the svstem of units in which the
intormition is measured.  Powever, inasmuch as inn - 0, it is advi<ahle 1o
mahe bonegative o that the amount of intormation will be positive. 1t
is simplest to select b= -1, Then,

IAvA i L / '1'”}

When this is done a unit of intformation i< cqual to that information
contained ‘noan elementary message having a probability ot 17e ¢ i« the
natural logarithn base) or, in other words, ecotil to the information con-
tained in a message teo the eftect that an event has occurred, the proba-
hility of which is caual to 17e. Such a unit of information i< called a
natural urit,

Most trequent v we choose b = =17In2.  Then, () = -np'Inl, or

a NIRRT Y ! (1.6a)
P

With such a selection of b the unit of information is called a hinary unit.
It is equal to the information contained in a message that an event has
occurred whose prohability is equal to 1/2, i.e., which can happen or not
happen with equal probability., Sometimes use is made of other units of
information such as decimal units. We will use hinarv as well as natural
units for amounts of information. 1In those cases when the sclection of
units does not matter, we will write

PR VP PR e
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Fnowing that o logavithm can have any base as long as this buse is retained
throughout the solution of the problem.

Manks to the property of additivity of information, cxpression (1.6
mikhes it possible to determine the amount ot informition not only in a
letter of o message but also in any messave, ac matter how lonp. It s
only pecessary to take for pothe probabilive of aelection of this messagpe

Prom oamong ol opossible in Pighe of corecions iy selested messgnes,
oo Fotropy and Production ot g Messaae Source

In construct:ng o theory of communication it is por the amount of
intformetion contained in o specitic messare that has preatest importance
bt the average (mathematical expectation) of the amount of information
contained in one elementary messape of the source:

Moo it (1.7)

Here, as evervwnere in what follows, the herizontal lTice indicates mathe-
matical expectation,

The magnitude XY characterizes the ressape soarce and is called the
entropy of the source with respect oo one element of 1 message.,

In the =inplest case of a4 source of rndependent messives in which the
probability af selection of ope mes<age efenent o another does not devend

on previously selected elemente:

AT T P LA (1.7a)

Here, © is the size of the <ource alphabet and :\(_\k\ i< the prohability of

selection ot the h-th clement b-th detter),

Mgually it is <pecificd that entrony characterizes a given distribution
ot probabfTities from the peint of view of indeterminacy of outcome of test,
i.c., indeterminacy of scelection of one mes<ape or another.  Indeed, it
can immediately he seen that the entropy is egual to zero wvhen and only when
one of the probabilitics p(x; ! i< coual to ity and all others are equal
to zero. This irdicates complete determinacy of selection, With o fixed
size of alphabet ° the entropy P« o raximum when all nix, ) are the <ame,
Then p(.xk) = 1/7 and i

!

® 0 o
Iim;lx L [ "." ‘ I‘:‘l (]-‘\‘.]
ko1

In this case the Jdegree of indeterminacy of selection, hased on in-

tuition, is greater than in the case of probabilitics whi-h are not eaual.
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Finally, if we consider alphabets with equally probable elements but
with difforent sizes, the entropy increases with an increase in the size
", This also agrees with the inruitive idea of degree of indeterminacy

of selection.

After the scurce has made a selection of a specific message element,
the indeterminacy which has existed is climinated. In this respect the
amount of information contained on an average in an clement is measured
hy rho.ihdororminncy which was eliminated as a rosulet of the selection of
this element, i.e., by the entropy ot the source,

Arother descriptive intevpretation of the concept of entropy as o
measure of "diversity' an messages created by o2 osouarce is possible, It
can easily he scen that the properties of entropv presented above agree
completely with the intuitive iden of a measure of diversity, It is also
natural to think rhat the amount of ipformaticn contained in a messape
element is greater, the more varied are the roassihilities in the selection
of this element.

We will now detire entropy for a more general ¢! wss of messape source
in which the probability <f selection of an element depends on which
clements wers selected carlier, ke wils limit ourselves to sources in
which prohahilirty retationships are cxnressed only for elements which are
not far removed fvom one another, 10 je just such message sources which
are most likelv to De encounterod i practical application,

Vo @dimidl e, 40 source emics oint aration i the Yorm of a text
written in the Rusei o (or ary ctherd Ianguave, the nrohability of ocour-
rence ot a4 ocertarn letrer depends strongly on <o coral preceding letters
Mt derends almoss pos ot atl on thar part of the text which i far re-
moved fram it sav, by ceveral ten: of sorde Indeed, i we find in some
*oxt the comhiaatien of the letteors "rasnredele, ! there i< o strong
Fowing 1 errers will he nive, Further, il the

'

1
fror the word "y osnredelenive” the word "vero-

cnssihility that the fo
text 15 cathermati o, oa
viatnosteyv' wil' wrobably Yaliow, Howorer o oche probal.ility of occurrence

of particular letters ar worde 0 0 snecoeding Tire depends almest not at
11 on the letrers wrrtten at e hepinning of the preceding line,  Some-
what more extended vcrohabgiities can he founl an poetry cas o consequence
of rhythm and rhaeed bt even hore, ae g »yle, thoy 1o pot extend further

VAR wne StaRRG .

Wnother evimple s vrovided by oo source whioh peeuares atmospheric

pre<sure Lt oparticular ternt with given npecicion ar certain intervals of

dre extended over tong intervale 0 ripe on the order of several davs or
weebs and, consecaers by, include many clementary mescapes (if the measure-
ments are pertorred with sufTicient frequency, for examele, every hour) .
However, cven here, attention can he drawn to the rather long interval of
t.me (several months< or vears) over which these ties for all practioal

purposes, do nnt extenl,

-6

nothis example tioe el abiTity ties hetween results of observations

de i At

M o Lt Ny o

ek

A s T et L N et

-t




LT T Ty P T Y Yoy, Wy ey v , — v = _— . —
. T 7 .

3 Marbov chains provide a matheratical representation of ress pes
created by such seources,

A Markov chain of the n-th order < 1 ceguence of Jesendent try o
in which the conditional prohabhility of 1 certarn outeeme Y, on fihe 1ok .
rrials when the outcomee of the n preceding srials are bnowe, doee not
depend on nreviens cutcomes.  In other woris, when 1 - o Ay S

/'I\';'l\ L R I AT vy S O

In a Markov source of the n-th order the Jdictributiop o0 nrobabhilyr e

n{xk\ does not remain corstant but Jepende on owhat the last r o letters de-
termine a certain state Cl of the source fq = 1,2,...,r? in which the pro-
iy
bability of selection of the b-th letter of the alphabet i< eaual to n (x
. 1
; The numher of various poscihle ceauences of n letters with a9 <ice
Co .n . . .
of alnhabet is equal to .t fellows that the nurber » of various
; C .n ..

ctates of the Markov source i< finite and does votr exceed . If Yor es-h
'{ state QQ prababhilitics “r(xl\ are given and it is Fnown which state deter-
i { 4
: mines any sequence of noelements, ther the arobahijliries P] of each of the
l‘ . 5
. statt® S g = 1,5, . ) can e togpater. Jar several additienad condiit fensg
& q
s colled ergodic conditions, which are met for all sources of oractical in-

tereost, there exist uncoanditional nrobabiltities nfo) of selecring the
3 P -th elementary nmess<age
: r
3 Yo .
pron Y P (1.9) )
v Y N
3
’ !

The expression // \Yopoovie oy renresenting the mathematical

3 P W
b . -~ -~ . - . - >
3 expectation of the amount of inform~tion in a selected elerent for a source
4 in the q-th state, mav he called the entropy of this state. We obtain the !
1 entropy of a source (computed {for one clement) U] in accordance with (1.7
, ) ! :
k : ; 3
4 e averdaging over all possible states !
; Hovy o - NPy il NN (1.1Mm ;
; Y B
: xpression (1.7a) is a particular case of 11.17) where r = 1, i.¢c., with the
' only state of the source. [If we were not to consider the nrobahilities

sies hetween message elements and hase ourselves on unconditional proba- :

Pilities ﬂ!xp) Jetermine! from (1.9, then for one element we would take
for the entropy of the source

s Searcai

" mir A
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In {nformat:on theory 1% g mrove! *h, 0 aluage ! o ‘ .
existence of prebability faee decregees the eetew £ v mwrudoe -
A compartison of entrogpn Mo deter=imed v ovapreccgon ] 100 gt et
maximal entrom W - log o weesthle wrth oy prven alehher oo R
mas
for charactericing the alnhabet of v mesaape cource,  Voor o thya caen e
introduce the concent o s abhet wolye by g IR L O K R040°
(or, as it 1s often <tiate!, ressaye redundan v
IR 1ot
' | | . )
. I | )
max

From what has been said above it is c¢lear that dissimi'ar probabhilit,
of message elements and the existence of prohahility ties between close
elements mav cause redundancy.

We will present a simple example. [let the alnhabet of a source consist
of two elementary messages which we will designate A and B, "hen the maxi-
mil entropy of such o source achieved with independent selection of A and
o 1

B with equal probahilities and expressed in binary units is Hm1x = log,

If the elements are selected hy the source independently, hut with differc::
probabilities p(A) = 0.3 and p(B) N.7, the entropv per element is

Hy = -0.3 log, 0.3 - 0,7 log, 0.7 = 0,52 + 0.36 = 0.88 hits,

von

In such a source the redundancy of the alphabet is equal to 0,12,

Now, l=t the probahilities of selection depend on one preceding clement,
namely: p(AfA) = p(B[B) = 0.8 and p(A!BY = n(B'A) = 0,2, fere nfA B) in-
dicates the prohahility c¢f selection of element A on condition that the vre-
ceding one was clement B, erc. It can easily be seen that the unconditional
probabilities of both elements in such a source are the same and equal to
0.5. This source has two states determined by the last selected element and
both states have prohabilities equal to 0.5, Then, from (1.1M we obtair
= -0.5-0.8 log, 08 = 0.5-0.2 leg, @2 - D.5-008 log, 0.8 - 0,50, 3 leg,

0.2 = 0,722 bits. The alphabetic redundancy caused by the probabilicv ties
in this source is ro= 1,278,

We will now consider the case when there are probahility ties and the
unconditional probabilities of elements are not the same. let

p(AlA) 03, p(B|A) =07, p(A|b) O ¢ p(B[B)}=-09
It is easy to compute the unconditional probabilities! which prove to

be p(A) = 0.125 and p(B) = 0.875. Such, obviously, are the probahilities
of two possible states of the source. From (1.10) we obtain

Ifor this we may use the formula of complete prohability p(A) = p(AIp(Ala) «
+ [1-p(A)Ip(AIB) and solve the equation ohtained with respect to p(A).
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Hos 012800 Tog, 0.3 ¢ 0T Jog, 0.7) - 0,878 (0] log, 0.1 +

1

« VA top, 0.9) 2 0 52 binary units and the T T 0,48,

Tor =any rractical problems sources which emit messages in the form
A¥ a4 tent written in <sorme language are of interest. Specifically, for the
fgesian Language, censaidering the number of letters in the n]phnhet1 to

Be A0, we have = log, 32 = 5 binary units,
mix °

It we consider the unequal probabilities of occurrence of letters
o text and the dependence of these prohabilities on previous letters
revording to Jdata provided by various authors, the entropv for one letter
[res hetween the limits of 1 to’ 2.5 bits.,  Such a great spread in results
1s Jue to the difficulty of considering all probahility ties spread over
A large number of letters in sequence. Furthermore, the magnitude of the
entropy depends in certain measure on the nature of the text. Based on
thece data the redundancy of the Russian alphabet lies between the limics
of 0.3 and 0,8, Apparently the second number is closer to actuality.’
NData close to these have been obtained for the alphabets of manv other
languages.

The entropy of a source defined above for an clement in a message de-
pends on how the message is divided into elements, i.c., on the selection
of the alphabet, lHowever, entropv nossesses the important quality of
additivity, Let a messapge with a size of alphabet ’] have an entronv per
element of I, (considering all probability characteristics). We will en-

1
large the alphabet, considering cach sequence of any n letters of the pri-
mary alphabet as one clement of the new, secondary alphabet. Obviously

)]

the size of the secondary alphahet is 7 = ol We will show that the en-

tropy for onc element of the secondary alphabet I, is equal to nH]. From

the definition of amount of information it fellows that in a certain spe-
cific element of the secondary alphabet there is iust s much information
as there is n elements of the primary alpnabet included in it. The amount
of information in one specific element of the primary alphabet @ is a
random magnitude assuming various values for varicus elements., The amount
of information in an element of the secondary alphabet ! is the sum of r

"In the numher of letters in an alphabet a gap hetween words must be in-
cluded., TIn this case 7 = 32 if the hard and soft signs are considered to
he one' letter,

"1t must he remembered that these results pertain to sources which give
the text the form of comprehensible Russian sentences united hv a certain
content, If Russian letters are used as symbols for certain events, know-
ledge about which is given hy a source, the entronv for a letter must be
computed based on probahility characteristics of the source and can have

r

any value, up to H = 5 bits,
: max
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{
f random magnitudes :]""’tn' The mathematical expectation of mupnitude
| ¢, equal by definition to H,, as is known [11], is equal to the sum of :
i 2
t mathematical expectations of the terms of :k(k = 1,...,n} and since ecach
E ot these is cqual to H], then
\ Ho-nlly (.1
We will determine the rvedundancy of the scecondary alphabet, I :
: . ; 3 ) ; N o
i The maximal entropy for an :lphabet os size /., = s equal to ]
Homax ool gl 5
whence, in light of (1.13), %
i, nll, ", e L
L e \
", Te: | H /[]’K/I “ 1 (1-14) &
: 2max Imax !
From expression (1.4) it follows that the redundancy does not change '
. 1)
when the alphabet is enlarged, 3
We will point out that in enlargement ot an alphabet the mutual pro- ;
hability ties among wessage elements become weaker., 'f the magnitude of f
b n is so selected that it greatly exceeds the range of action of the bro- ;
1 hability ties in the primary alphabet, the probability ties between the
4 enlarged elements can be ignored. Inasmuch as the redundancy does not 3

change in the process of enlargement, it must be almost completely deter-
b mined by the nonuniformity in the distribution of probabhilitics of the

' elements in the sccondary alphabet. Thus, the overation of enlarveing an
3 alphabet can serve the purpose of "decorrelation'” of the elements in u

] message, i.c., the purpose of climinating mutual probability ties among

4 them.

: For sources with a fixed rate the productivity is an important charnc-
teristic, productivity heing the average amount of information emitted in

a unit of time. It on the average ecach elementary message occunies time

T, then the productivity of a sovree -

T P Ay

o (1.15)
[f messages are transmitted in a svstem of communication from a
source with a controllable rate, the average time T consumed in the trans-
mission of an elementary message is determined by the transmitting device,

In this case the magnitude H'(x) Jdetermined by expression (1,151 should

i be called the productivity of the transmitting device., The difference
between these two cases lies in the fact that the productivity of a source
! with a fixed rate mav not be changed in designing a communication system

- 20-

4
Bah A aht S et ottt o iy ,J




Thie oo e, T,

while in the case of a source with o controlluble rate
of the transmitting Jdevice i< selected by the desvigner in aocerdanie o
the various technolegical and cconomic demande =ade ot the «vater,

It can easily be seen that the productivity of g <ource does oot
change in the operation of erlarging an alvhahet,

1.5. Interference and Distortion in a Channel

In channels signals are transmitted in the form of cersqain o desse
of finite duration. The sequence of messape clements 1 copverte

a sequence of code svmhols v. To each code «virhol o correwponds g e
tain element of a signal, i.e., @ certain tfunction -ft° Jefyne ! in
finite length of time (or a narticular set of such functions' . ¢ th

signal at the output ot « chunnel represents the same tunction zit) g«

was delivered at the input, it would be possible with complete contldence
to restore at the output the transmitted sequence of code svpbols and then
to decode it, i.e., to restore the transmitted mes<ape.  The <ame would
"old if in the channel there were only regular reversihle dictortione,
i.e., if the signal at the output cf the channel z'(t) represented tunction
of the signal at the input z'(t) = f[z(t)] and if there were ar inverse

. -1 " ; ] .
function £ "[z'(t)}] = z(t) which would permit restorine the transmitte.!
signal exactly.

In actual channels there are irrepgular distortions alonp with suc
regular distortions, as a result of which the mutually unambi-ucus cor-
respondence bhetween signals at the output and the input of the channel s
disrupted. The aggregate of all reasons causing indefinitencss in the
signal received is usually called noise ov interference. 'he term "inter-
ference" is also used in a narrower sense as the aggregate of veoitapes
arriving at the input of a receiving device along with the signal.,  Such
interference is added lincarly with the signal and therefore is often
called additive,

Along with additive interference in actual channels there is to be
found nonadditive interference. [t amounts to random distortions in a
signal caused by the fact that the parameters describing the carrier of the
signal fluctuate in the process of transmitting the message, i.c., the
mode of the function z'(t) = f[z(t)] changes irregularly over time.

On the hasis of ohservations of various actual communication channels
(specifically, various radio channels) the relation hetween the signal re-
ceived! z(t) and that transmitted can he represented in a more general
form as follows:

IWe will call the reccived signal, for abbreviation, the total signa! which
is to distortion in the channel, and additive interference.
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Wditive interterernce v 0 10 e ke e
Nrocess,

For exact determinatien of the ¢Qtnct o ) cppral »lus intovrerence
on a receiving device, 1t a9 pecessary ty hne g ocomnlete «tgt st )
description of the <igral and anterference,  mlv e 4 e carticular Ok
is it possihle to Timit one<el to pars:al data abhour arcerference, e,
with univariate distribution of probabhilyties and corre’atioon funcsy ne oy
spectral density),  However, it is hardlv reasonahle to trmy te congy ler
all the different peculiarities of various < urces of rterderence, "heres
fore, we will limit ourselves to a4 Jiccussion of several tvnreal taines of
interference which amount to an 1dealization deserihing sutficient v well
a greater part of actuallv abserved additive intertfererce,

IThe concept of width of signal srectrim will be considered helow.

L At A Sy & AT S RICUR ¥y S T ey non 2 " .
U RIS Y ia Aol ag e Sk b M SR T S e e e e




-

Ipc tudes! 1p Sheee Janes of yoterdcean, e 1, fgenr flaituagn e ue

terfotemce tn o whach Al untvarrate dratrihtione 0f gmet an® aneorgs L aloe e

wwe normal, uch mterferen.e bae Veer tudied nort Lannlcte!s art o nre
rente e prealtest infterenst from g theoretical ar owell s o crpact gl s er
af Laes [te theoretral 2agri¥siance Ve ap the fa,7 Thar v by ehg 1
greatest enftroey vttt o pginen wierage cfrength and therefoare e carey My
. [
Capac iy of the hgmee! to the prentest ldepree [0 e cract Ve g
ficance 0! rormal flgctagatier arterference 1o e West vyt kg 1, i
that, 1 the fipat elace, {1 1t irer ittty cpeeent g HIF IR S E TS B T T R
17n the form of thermal cogee aricanp 10 an geeargtage ant o e o o ;
Tave, 17 arnrecainater cuffi ety uell the oom ¥ o gen g LI
fetende Ty Coone muterone eouroes sl v are dluive s reeee oyt
channele, esvecaally 1o radio Channele, Do opef [ aces pormal 0 g 0wt e :
tntcrtference has a3 untforn srnec®eur ir o cuth a0 Yot rangpe L VLN ok -
That 1! (an be cenrfered cractreally gnYimte Y L N A S R R
the mame Thrrmal additive vhite nocee™ and e meletels deaos bt
erectral fepead
Vieng vtk aliie sotee dnd rorml Cdie fiatt e aaterfprend Wb V% 1
v aesun:forn evectrun we will condider antulee anterforence 0 e ]
Vegef Suration e fatparicon vtk the lyratanae nf 3 e gpen] o mene -
Yroad sredtrun and alen Voirtestererie Wbk N g eel s il N 1
peltvun,  Inidude! o e Yaltifcr Tk o]y Ful aall anle. Yeirer Meo o =
grale wber o mediom e beyiep Leel the Frgresies e e ' 5 0 o) 6
Vit e chanacie,
Lo, Seciv nn S,ate= are Stytictical Feitoe, s :
e will ne:fer 1o o peneral terre b peet s gtyin 00 e e sy 5
R ! LAXeR ] a'?-rl l'r.- VT ce et ‘1{”!’; ~ 3 b vt =1 e T I PR
ama!l 1rrepular et orgena, Inatfncd as m ™ Mgene ! ' eag o e 0
CEFT SR I ..‘: LIRS Iv,..-“r.r.‘ -.v..g-.r--,.l IY" Te e ,.‘....‘\,‘. shp . «
B T T N NP N S o B N N L T Y P ohpe
w16 oo ! froe o et T Cocapivie uee! 1 the 5 som SEEER L s 10 e
‘«1. "."':(’]'H'Y"l‘, s ha el b -:.-\ vl . » e = Vvoe S NETEE I S P~ j‘
£roem <0t V0t fmieccapee speatedd Y the cunroe
h(‘f" Le 1ve g.\r’l'l|'~r DR AP aen b, e 10-1: .,,:.l.,|\"|.- a1 e el -
(,.:p‘..(.!. AV, v TeRepe v o8 sk .‘-»,1 recene ! 2t e v n e e
1t BN ghe recersanp ‘evicr . TRy e At iaa ] mesterg e LI
*he e rigs Ao Valgs oo T reoduyr [!‘1. cLervee N NN LR e N N N e
~tnel sgecnp the Tiaiec $arey]y r l
) . Fisg Lt
rivels) . : i
\ Bt
PR TS L} s
G [
.
ahere pra Y 1 the 1 troery vrebatalicy A enlecggon af soceaper 0 anl! y
Wiz’ v 1< the conditional rrebabality dene iy ipenerally et o mult -
variate: of the cignal received -770F whpenm v e thin Brars-itte! —ecccape,
thic dercity heine determined by *ha mrareer i nr ke b geneT
RS
& e e e i o —— - 5 - PRIy VP e — A . T o




Swearnd g 2o the e ier ot Cgen eaprecned by oo ! B DR TAY S N
more can be demaried fror the receves others thar feta ab aut the dyaey
Yytron SF g nosteriort reoh b Tt res af meesgpes drom the cagree, om the
Sakts of wWhich the recimient mabes onte dectcion or amother STV BT
Lere o a more corren tdeu, alee ncluwbing on o the funeson of the e
ceaving device thPe o mavang or desion ge ot which mieceapge was P oy
Incidentallv, in sope ases thio teorsran, ax we will e belae, ®a e

e final.

Thas, 1 1e the " oal fhe cedvavaay dpr e 18 g 4 e Tes Troan.
nittang Jiterete gntormatc ot L wawe a fevicior v mo o wkhich plemene g
Seasape o g povdih e get 0 v rramemytted . The Fecsatbor muier te g de
on the bacis af ar anmive ¢ ghie s Nl regceiaed s Y dp Zoehe a1
pronjeder availahle abhoyr 20 mature of Phe cmproe, tre nlicg Gveten
ard the vronertics o4 the st atien Shannel | TR o meana than e
ratter how the rece:ving eors bl ke ecaeree 00 s 0w vl 1@

10 coanverting any arrivany gral :'m 1o L ertash clement gry Teca
From et X, “he noecile o0 s thge thyo ooprvernian can Y peef apee ! oS
Al the =ultitude of poscibice wave, reduyce =0 brealing fown cet 00
generally eveaiing, infisf{*e or ncaicularle o0 all seaccibhle arrey g
Qenals inrte neartereectiny subeele, 1o cach ¢ Al there o nlared

in correspranderce ane of the vasaihle elerentary messages ntower N

[r ®0e? ecxpctirp cO™= s 10100 avctere *hyc  orvepepandence 1y net cet
directiv Ryt ajth the hele 0 oeet Y o fade svehalo T these | acre the
sel of arvivirg <ipeale T heoter dour inte pennteraet iy ot <ots
corresponding to each v e ‘e embole, Such g hreal lown 0y Kt

-

Soarrising uignale irts Gt cete will he called o decictor caste- or

first devicirn <vster, The cregcess o0 pdentafaing a4 o rpral elemen?t re.

cefeoed with g certarr oodes avrho] haced or otk Fircr Jdecrerian svetes gl

Le called Jemodulation of the reccive! sipeal,

Vs a reeyl® o demndylarjon the ceauence of <aignal elerents 16 con.
verted 1810 a sequence o code cvrbhalc whieh st o oture he comerted catn

a seqguence of meccage Clettere™ emitted 1o the recirrert. ThHis conversien
will Be called decondirg. 10 i< dane throuph a2 o<econd dedicron cveter Wbt

amounts o breabing Jdown the st € Larioucs deauenies of cede aavmhols aete
en*ified with 4 orescape leftter,

suhsets, cach of whioh <

Along with thie =ethol o€ recivvnge whach e baced on <equenty ] use
+f two Jecision svetermo compti=es yse ts made of anoather rethnd wieh

P L

single decision sveter on accordance with which ar arriyinp <cauence of

‘Cenerally ewrealing, 10 1< net reauired that these subeetc exhaust the
entire <set of arriving <:gaals,  Preabdowne are alee nosopble r owheoh
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Frobabiliries o2 X depond or the way 1o which the mes<ape cliement
I
x. wias conferted irto a <ignal, on the roise in the channel, and on the

celected decision svster.,  The nrobhghilise thyt the transmitted element Vi

1< recerved correctlyv i< ecaual toe .oz \i\ and the probability that it is

roceved incorrectiy < equal to

Tor unitformity we <peab here of a sirgle decision svstem although all
suhseguent discussion can be applied to narticular svstems in recention
by oelement,
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simal, itois eeseptin] et 0 gl ot pair g clear imnreccior of whae
I meoqnt b optamatiev b etk sgticgl statictics pee iw o made of a4 larn
mambher of various etatictical or eria oof artimslicy as o arnlied to o varion:
rrobhlems,  Ine of the rmocr commor je the so-cqlled criterion of averiaee
risl osyggested b Valtf 1370 Th e eraterion meane thar a o certain Meoost”

orx,x Y which does reot depend o1 the decision sveterm i< assigned to each

i

pair of message X, and decisior x;. This cost is generally setected on

an arbitrary hasis bur it must 'low for concrete conditions prevailing

in the ~ommunication sveter under copsideration, It i< higher the nore

undesirable is an error whicn amounts teo making decision x! when actually
1

X. was rtransmitted,
i

The conditional mathematical expectation of cost is called the con-
ditional risk, “i' it it is known that element xi was transmitted
!
G;—::E G(x‘-'ru)ﬂfljln\ (1.om
1-1

The unconditional mathematical expectatisn of cost qu, which can be

determined if the a priori nrobabilities of messares are known, is called
the average rislk
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'.' calv o epsaxemate sy oandy consegquent ook e g o nrrory mes s e rrobahi it ces
are boown areroxciatelv,  fheretore, tromast ocoses the Taves criterig ‘1
Are altogether arplication to the <selte rtion of g decpsiop circuls o ooph ;
L' “wvetems, 1
4 .
" Selving the nroblem of cosr (e more comrlex, I LOTEO T o O L i
1o source emtting namerical results ot measuremerts, if o sontd oveer
topical to use as the cost ix, ,.\’;‘ IS M TR A SHIEERHC T SR 3
cost 1< eaual o rhe mavnitude of absotate error i the received noeher
| relative to the transritted number. “hen the criterion of miromaloever 3
! rist oamounts to the criterion of mivirum abe lute error. However, with o ﬂ
; less reason it is possible 1o nse H(x;.\;W 1 - v e, o wensider :
the cost eaual to the <aare of the error, and thic legls to g ocriter: & 3
of minimal mean square crror.  Pach o these arereaches Jeads to the cren
tion of its own decision svererms and also each of ther in 4 certain <er e
is optima!, Other vrossible methods of Jdeterminine cost lead 0 varionus 3
decision svstems which are also optimal,  "he cost hecopes cven more - g
determinate in those cases when G message 15 not associated with o guan- i
3 sitative measure,  Thic greatly hinders determinat fon of the ontimgh le- ;
2 cision syvstem in the general case,

4
| In many cases, it can he considered, hased on the nature 0 the use |
A of a communication svstem, that anv error in message recention entalls ]
; the same degree of undesirabilitv, From this point of view the cost '
g shonld he considered the same, i.e., caual to 1 for ali nairs lv;'v" i
1 if i # 1 and zero when i = i. With such an evaluation the average 1ist {
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"Here it is assumed that xi corresponds to the number i.
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But this exnression renresents nothing else than comnlete proba- 5
hility of incorrect recention of o messape elerment in o decision svster :
(1,197 Thus, the criterion of miniral risk with the same evaluation ;
of all errovs amounts to the criterion of minimal complete rrohability !
of error or, as it is usually called, the criterion of the ideal obh- |
: server’. i
g j
[ It can easily be determined bow o decision svsatom st be arranved f
for it ro provide o minirum of copplete probhabhility of erropnensus recen- i
tion, Obviously the complete probhabilite of errvor will be minimal 36
the decisicn sveter provides tor omini~am of erronecus reception with
each <iynal received,
§
: et signal -'(t) arrvive at g receivine device,  Vor anv letter x.
; of the source alphabet it i< porssibie to determine the a posteriori
{inverse) probability (1,18, We will assume that  the Jdecision svsrer
. assivns the sipnal to the snhset oy - Then the vrobalility that this
3 signal wiil be received correctiv amounts to nething other than the g
1 nasteriori probahility rix, =", 19 theve ic in the alphabhet o certuin
q r
i . . [} . . 9 a
{ other element x for which pfix_'=')  nrxp o', then it would he nassible
3 n n L
1 to increase the probability of correct reception of <ignal -'00% fanid, I
consequently, to decrease the probabi ity at errar’ by o chanpinge the de-
: cision svater so that this «ipnal i< assimned o sgbeer o Prorm this it
° lal
i !
1 follows tha* the minirum probabilite of error in the recertion of the
; given sipnal z2'rt) tales place in *hat cace when it j< intersreied s
that messape element x, which hae che provatesr nprahabjlite » X 204,
r !
i Inasmich as this nertaing o anv of the <ipnals received, the decision
o . o . .
3 svatem hased on the criterion % the ideal observer gmounta o that hreegd -
¢ down of the st of signals received 7' wherein te cubeet :{ ol & i, 1)
3 cipnals which differ in that for them the o nesteriari rrababilite of v

i

is greater than or equal teo the npeabghilisy of anv other pessgee elerent

df p(\'«:' k).'/)(‘:l‘k) (r" /‘) A
3 In manv cases it is refatively easy to build such a Jdecicion svstem
i . ) 5 .

i in a receiving device.

’ The probability of error with an optimal decicion sveter bhased on

the criterion of the ideal observer depends onlv on the proverties of

“This criterion i< often called the ¥ sol'nilov criterior inasruch s
V. A, Fotel'nikov was the Tirer ro use 1t in 1006 in devisine 1 theory of
potential resistance to interference,

-28-
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the channel which are determined by interference and characterizes the so-
called potential resistance to interference of the communication svstem 27,

Instead of comparing the inverse probabilities n(xi':'), it is nos-
sihle to comrare the product n(xiW;(:"xi) which renresents the numerators

of the expression for a nosteriori proahability accordineg to the Baves for-
mula (1.18). Indeed, the denominator in (1,18 with anv given ©' is 2
constant magnituwde which does not depend on XL Therefore, inecauality

t1.23) which characterizes the decision svster e equivalent to the in-
equatity

ALy povaa oy A

oy
CRINU IR | R
CHON ATV AR (r..n

The ratio in the left part of this inegun!ity i< catled the titeli-

hood ratio for XL with resnect to x., The desision svater for the criterion
; i

of the ideal observer can he described thus: <ignal =' i< assipned to

suhset :& if the likelihood ratie for Y with respeiet o all g, 1¢ orevet

than or equa’ to a magnitude which is the imoerse ratio of the 4 priedi
probability,  We will note that other Baves critoria alse (with a varvine
function of cos*') can be reduced to a corrarises af tilelibood ratios
analogous to ineauality (1,200 with the difference *hat in the 7 ght part
of the inequality instead of ratios of 4 orior! srebabilities there are
other numhers dependent on i and b and deterrined by the cost function.

It the a priori probabilities of all x, tre the <ape, the right part

of inequality (1.2.) is oqual to unityv,  Ip sore casee it i< assured to he
equal to unity cven if the a prieri rrobabilities are not the same or |f
they are untnown.,  The criterion thus ohtained is called the criterion of
maximal likelihond.

We will consider a verv simnle example to illnstrate the criterion of
the ideal ohserver., let the alnhaber of the cource contain only two letters
A and R oand let the sivnal received 2"t be described by o <cingle soalar
parameter (i.c., current in a line) which will alse be designated o',

Figure 1.4 depicts curves of p(A)A(:'PA) and n(RY 2 RY which represent
conditional probability den<itics when transmitring lerters bV oand R ores-
pectively multipiied by the a priori prohahilitics nt theee letters. Wher

= :6 the likelihood ratio for B with resrect to Y i< greater and wvhen

WA :6 it is less than ptA) ntRY,  According to the criterion of the ideal
observer the entire domain of z' is hrolen dewvn into the two suhsets T;
(in which are included all :'(:A\ and Th (in which are included al”

S :6). The point ' = ZA can be assigned to anv of the aghset., The

S
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compicte probability of erroncous recention of o letter i+ caual to the i

cross-hatched area in the figure,  Indeed, this area is canal to
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3 e e ]
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3 et Lo o instead of Voincreases,  [owever, the cometete nrobabilisy
E mi crrongots reception nereases by the meonlltude o phe e shosn P
ﬂ the dartened triangle,
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Figure 1.4, Graphic Definition af a Probability “istake.

A \pplication of the criterion of the tdeal observer (< very natural
since the ontimal decicion svater bhased on it nreovides Yor the Tegsr poss

% sible complete prebability of erroneous recention of 4 messape and, con-
cequent v, the yreqdtest nrobabhility of error-free recentior o che cequerce
of elements constituting the message,  lelow we will present <everal other
conclusions in tavor of this criterion, flogever, cases are possihle when

f the result of applving the crit rion of the ideal observer contradicts

: good sense,

For exampie, let the alphabet of the source contain tua olementary
messages A and B which are selected indenendentlyv with nrobabilities

| PlAY = 0,000 and p(B) = 0,00]

We will consider two variation of the decision svster,  In the first

] variation the set of signals received 7' is broken down into <ubsets

i Zk and Ah so that p(A'i;) = n(HfIh\ = 0.999 and p(AlZﬁ) = p(B!ZA\ = 0,00],

: When this is so all messages are received with a probability of errox of
0,001, In the second variation of the svstem the entire set of <ignals

k:.c‘ i e i e 2 2 = e
e T T—— " P P
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received TPors o taken as T osince set T s emntv, o In o this coase gl oS-

.

nals will he received as mes<ape v, Thus, vV will he received in ool

Iy

cases correct v oand Boalwave incorrect v, obyvjous v owith cneh

A “"decision svatep! ]
/:|'/'|l LW/ ‘\Z y I and ’/ b g [
ind the probability of error f¢ caual to {

)
g
i poopthpnse o e S o S i
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second nattern i< closer to optoeg] inasruch e Broveovndec Yo g Teaaen {
Stot=110 MU AT £ KU 0 RS A 1 i L N e TS PO T A 2 O L DT {1 S
1 quite clear that usine the <ecoprd variatron of rthe dociad ncvaroe i
meani e lees cingee it o doee not o pive ane e ant the o peccave treqnere tted i
while the first variation, glthogeh with bresde cppr ginpe ) maleg 01 nne i
CiBTe ro indpe wWhi ko resanyn T T TR TFR LY
"11;1. 0 -‘\‘l‘fl'lf‘. - i\” ;“_"':l""- LI PN .,.:.’_,." " s L3N PN 1, ¥ o IEETERRRY L
coodsense drose e carsegner e ¢ e b e bt cie b b e e !
1 5O LTRSS AT R 26 RO RO e C G K HAAE SR N LTRSS ST N S L KA
1 the ot S Al crrore e eagee, T Pease ot len Dbt 0o gt et pe
. L srdinge v P, i Tt O LU T SR e S R AR IR SPIAUIE B %
3 L [ TN B TR 1 R T o8 G G110 TR T S S LR T O S RS T PR A T
1 A emat s on G rmmer e e g gre e g plme o et T mE T e et ?
E ' "-
]
Itoshould o be thonebh Chig Cthe cmiralesipresented p< el et
ther cricerior of che Jdeal ohsepum, Bae empee aeigpr cr e et T ey Lt iy
18 pwewiBle th Splect mope oy beees gt il gl T gt o il G IS oy
cont gl @ e e U o phe S Dies e B et cgme s esh g @0k L B
Foade s Trghd o the veenlinrisges of vl e e
Foap nepbieary coammsie S pping svsters the cpttenecn o Spavias Tt
Bead rs mest comventent, Gecordipge to o chie cercarpop the deceo nr GGty
i NS "M‘j‘.r!‘.-ll rocesved e 3 Qe .l’ N R s i
[ I | g
. ‘:' | 1.0t |
e wdvantage of this criter:on o thayt gt foee vot reauire baoswiedye of {
the o priovi probabilities o wescqres, 10 the g nrpory prebhhilisjes (O F
messapes are bnown and are the <ame, the criterion of paxieg] ibelbihoed!
corncides with the c=iterion of the ideal obcerver,
In all cases below where nothing to the cortrary e <t ted, we vill
use the criterion of maximal Tilelihood, ,
E b
]

In some cases the signil received depends not onlv on the communication
transmiteed and interference hur alseo on one of <everal unbnowr sarareters, {
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E Thus, the amount of information transmittce. over the communication
it channel in transmission »f messape X and reception of <ignal :"1 defined
§
L as the difference hetween the arount of inforrmation included in messape X}
and the amount ofF information which remained untransmitted after recention .
4 o <ignal o'
E P RTTRANS B P RN e
- e Tlog Po0oy 5L (I
2 S ¥ FTATUEE VT BT S L T
. The gyverare amonnt of information per clepentary mes<ape transmitted
A in a noisv o channel can be defined a< the mathemarical expectation of
; iix, 2"), 1.e., the result of avermging i0x, oY tor all messapres x,
) Lo ™n bon }
. cource stites S,oand sivrals received ot
b,
4 {
!: ]
| o Ty : A0 0o gl
oo, 0 W' \‘l’,/u\. Mabh ; (1.3
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4 where | Pn e formeprlv the prabsabi ity of conrce state - opd e '\‘L , o)
3 ; ’ ! 0 n
1 te the acine meab b ity of teqpamisaior of <ian .\'1 and recoprian of <ienal
3 y | :
3 e
3 Pxopreceion (131 can be oconsidered asoan o arount o of grformatforn abont
i message X ocontyined inosipnal precetved o) or in g orare peneral sense,
A4S an areant Sfointormatian contained in o requence 'owitna resnect to se-
quence x.
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is called the conditional entropy of messape x in reception of <jgpal o
(or, in the more general form, the corditional entropy of scauence x with
the known sequence z'). 1t is also culled the "unreliabilityv' since it
characterizes the loss of information during transmission, In exnression
(1.33)

’ Pitva )
. A2 4
/'( ' I AT RS

is the nrobability of the <ivnal received of i <t Lx
n

[t can easily he seer that in a c¢hannel withont interterence Hix o f
o | N | . 7 g
since p (xk ') can have volues of 0 or byoas g recsit of which all term. 'n
q 'k n

(1.33) become zero, Theretore, as might he expected, in such a channel the
amount of information transmitted i< equal to the entropy of the source,

can be shown [3] that alwavs H(x z') - and, consequentiy
It can bhe shown [3] that alwavs H(x 2" I tl

Ml 5 ) AN, e

in which the equality holds, for example, in the absence of dinterference in
the channel, Snecitically, if wet z' = x, then

[(v, )y (v ik

The amount of intormation transmitted can he cxoressed otherwise |
using the identity

v

/’,(\'n-vx'n) /};(\.k) (’4 ("':,\R) /';(-"n)/’.,(\Rl~',y|)

After multiplying the numberator and the denominator ot the lovarithe
in (1,31) by nq(:'), we find
: n

' 1\ ' raly, )
s §| Do (e ) oy T ) -
/(\' ) AJ}J)‘J el I fata i) 1, A6
’, n

The expression obtained is svmmetrical with respect to v and o', as
a result of which we nmay conclude that

I(x, &) (S a). S
Therefore, from (1.34) it follows that
v 2 L) (1.3%)

If we define the ioint entropy of x and ' in the following wav

Hie #) =N VN D G Sk p o T (130
&
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it can be shown
T2y 1ee Yy g~
= ) By oy f ey, =y, (1.4

nti! now we have considered that the signal received has onlv a dis-

crete series of values,  We will now consider a more nractical case when
2 (t) takes a continuous series of values characterized by a probahjlity
Jdensity sq(:’\ and the conditional probability densityv “q :"xkd with a
known transmitted me<save.,  AMter setting approximately an:l']) =
= W2 P (®as ) = (e (BT x0T, mitc., anll Pien merT ol ng

q n) ’]q( k'™n Iq k' 'y 3 ’ ;
the limiting transition .z - 0, we ohtain from (1.36) the following in-

tegral exnression

(v, o
-~ , (EC e R BT SR T
- oy (S L S
E}J( WURATY! I\A] Lo ) !
4k (1.4
AR TR IR S S S TR
23.4\ AR R PO A NI '
q I

where irtegration is performed for the entire <ot 7', Thus, we bhave oh-

tainad an expression tfor the amount of information contained in a coptinuous

signal z' about a discrete message x,

Vitheagh we concider conrces of diserete messapes onfv, in some cases

we will need ap exnression for the amount of informatien contained in one
continuous process ' itY with respect to another continuens nrocess x(t),
'

For this purpose we will assume that x is continuous as is ' and, per-
forming the limiting transition in (1.36), we find

» " . . , wyfv., ') ; ,
5 o E“'"“‘“"'”‘*"un.m:-,(”)“ 0 (1,43
q X

where .5(x) and . ix,2'Y are the probability densities respectivelv of x
i it
and the ionint process (x,z2') with source state <”

Specifically, if the source has one sinele state, then

® wiv, =)
I, o) gjuw\.')ﬁu e (1,433
7

If the average time talk a to select one elementary message i1s equal
T, the amount of information “ransmitted in a4 communication channel in a
unit of time, or the rate of transmission of information over the communi-
cation line is
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') g ey = o Hooo Hov 1ol
i where HU(x) = 1/7 I(x) is the productivity o the sonrce v ohe tpgn mpee
: device and H'(x' 2"V = 1/ T Hix 2" is the anreliabiloee rop gnis 0 0 ey
X
1 1.8. Carrying Capacity of a Channel

TR

Let there be given a certain communicat on channel, oo, et b

be defined a set of <ignals -z(tY: which can Ve delivere? o0 thpe seege o
j a channel, a set ‘2 (1)) of signale at the ensoars nd o - and o fan 0
3 tribution of probabilities 2" =0 of <ignals g rhe oo ol L kg
: signal at the input,
If soe a priori distribution of probabiipe i Ve AN EL AR j
3 example with o density ot L2V, i< grven, 1t v mosaible o0 deraee o0 oty
rate of transmission of iptormation in oooormunieat bon charnel whoob
] according to (1,43 apd (1,300, i coual to i
. .|
r

Here T is the average durat: n of a <igpal ele=ons wd b Senen
J generally speaking, on (), and the Jdensitices SR ! 2 15 Kl
in this expression can he determined from the pives oo s

3 '
: wio ) w)o (o)
E wis’) g:;-(:. A 1T
4 i
4
The value ohtained for the rate of trangmiscionr o0 gosarrat o depes i
on an arbitiarily <elected distribution of —eebgb ol dea v v e !
The maximal rate of transmission 2 informar . on wish 70 rerabh e 0 ocrr
: hution of probhahilities of input <ignals (r, more exact o, Teaar e
limit of rate of transmission of intformation’ o 1< callec ooy TVt
capacity ot the channel:
; ¢l o) _— i
y Tz -

Scmetimes in determination of o channel addityonal o= rcati ne are

posed on possihle probability distribhutions of inpur <ignals,  For evye o
it is possible to require that the average strensth ot the <ipngl noe

L

i

1Both these sets may be discrete as well as continuous,  Felow, in orier

to avoid repetition, all formulas are written for continuous sets of <iyprals,
In the case of discrete sets, it is necessary to renlace distribtution de--
sities with probabilities and to replace in*egration with summation,

T L T o, Y inlin eadel diatmer el bl otk Mk otk i i thmd = -
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magnitude of averave risk as is desirved with any statistical eriterien hy
losing a great deal of signal strength or, under certain conditions, by
using complex encoding and decoding devices, the use of which leads to a
great delay between the instant of emission of a message by the source and
the instant of decoding. Tkequirements of practice impose certain limita-
tions on signal streneth, the width of the spectrum, the degree of com-
plexity of equipment, the magnitude of allowable delay for the communicu-
tion, eotc. If these limitations are formulated, the problem of optimal
selection of a set of signals can in princinle be solved,

\ combination of the two prohlems indicated above can be viewed as
the general problem in communication theorv and ameunts to the selection
of an optimil communication svarem for a given message source, ensuring with
certain limiting conditinong a winimum of averaye risk, One passible
aprroach to the solution of such a problem widely used in subsequent chan-
ters amounts to the tfollowing, For given characteristics of a channel and
for signals satisftyving the limitations imposed but stated in verv general
form, an optimal decision svstem is determined and an average risl computed,
Ihe magnitude of this averape rist depends on the set of signals used and
on the method of transformation of the messape into o signal,  In many
cases it is possihle to determine such a set of signals (or class of such
<ets) oand also such a method of conversion of g messiage into a signal that
the indicated average rist i< minimal and this armounts te a solution of
the nroblem posed,

The problem of determinine the ontimal method of converting the message
nto a signal i< greatlyv simpl:tied when this conversion is brolen down
‘nto two operations, i.e., into coding and modulation as was indicated in
Section 1.2, This makes it possible to make an ontimal selection of a set
of sigrals based on the characteristics of the channel and the limiting
conaitions imposed on the signal without considering the peculinrities of
the source.  Then a secarch is made for an optiral method of coding which
converts o messiage into a <ecuence of code svmbols unambigpuously linked
to the selected signals and which allows for not ontv the characteristics
of the channel bhut also the statistical prorerties of the source., It would
he methoadologicallyv more convenient to first consider the second aspect of
the problem, it.e., coding (Chanter ! is devotod for the most part te this

aspect),

It should be noted that, as a consequence of the multiplicity of
limiting conditions dictated by practice and also as a consequence ot the
virious characteristics of channels and various statistical criteria suit-
able for various concrete cases, there is no general solution to the
problem pose .. For individual! and more typical cases this task will he
solved in subsequent chanters., However, the v far trom exhaust all con-
litions which are encountered,

\s alreadv noted, in manv {although not in all) cases of practical im-
portance in the transmission of discrete messages, the criterion of the
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ideal observer serves as an adequate statistical criterion, In these, and ;
also in several other cases, tidelity i1s the measure of quality of com- :
munication transmission, Ry fidelityv we will understand the probability

of complete coincidence between the messapge received and that transmitted,
such complete coincidence (in the case of a channel with interference) is

1 in principle possible only in the transmicsion of discrete communications,

4 With this definition of fidelity we must indicate the length of the

' message for which a probability of complete coincidence between messuaves p
rransmitted and received is given. A comparison of various communiciation ;

S svstems with respect to degree of fidelity should @ lwave Yo omade nsing the g

same amount of transmitted information.

E In speaking of the fidelity of transmission of information it must be i
1 borne in mind that in principle as indicated in Section 1.8, it is pos- )
3 sihle to obtain as high fidelity as desived if the speed of transmission p
E of the information is less than the carrving capacity of the channel. In :
3 this connection, tor determining the potential capabilities of the communi- ;

cation svstem, it is important to know how to compute the carrving capacity |

. of various communication channels., This is alse a verv important nroblem 3
: in communication theory, 1t can be solved relatively simply only for :

A

several mathematical models of a channel which vsualty only in rough out-
line describe the properties of actual channels,

1 It would probably not he amics to stress once more that the carrving
capacity of o channel derermines only the potential carat i1ty of informa-

4 tion transmission at o certain rate (less than the carrvine capacity) with ;
} aocertain given (perhaps very small but still ditfering rom zero) proba- ;
f hility of error. [If the required nrobability increases or the required .
4 rate of transmission of information anproaches the carrving capacity of the ?
j channel, then, as follows from the discussion nresented in Section 1.8, it f
i is necessary to increase the length ot the sequence of messages from the ;
[ source compared with the signal in coding, When this is done the com-
plexity of the encoding and decoding devices increases very ranidly to o :
. limit where they are technologically infeasible. In view of this it i« p
4 customary in practice to he satisficd with o relativelv low level of tide- é
3 lity or to transmit messages at a rate much fess than the carrving canacity i
; of the channel. One probler in communication theory en which manv have ;
E warked durifig the past Yew vears is developing methods or coding s<uch that ;
3 lengthening the coding sequence of messiages leads to a relatively slight 3
4 increase in the complexity of the svstem, E
3 All the problems listed will be discusseld in some measure in subse- ;
3 quent chapters, ]
:
1 The properties of a channel, specifically the interference and dis- ]
! tortion existing in it, are considered given., In engineering vractice E
g problems are also encountered in building or improving existing communica-
P tion channels and reducing the relative level of interference (for examnle, g
& by improving the design of the cable in clectric wire communication, hv f
]
% P
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improving directivity in receiving antennas in radio communication, and
many other methads un to and including creation of artificial tonization

in the upper lavers of the atmosphere) ., Such problems po bevond the frame-
work of general communication theory and wiit not he considered here.

Notes

1. (See Sections 1T oand 2 In most works on comminication theore
ratwal 1y unambivuous correspondence between messape and transmitted <ignal
i< assumed.  However, in actual cormrunication vstems this is far fpom
tlwavs <o, Verv often o particular messaee mny he converted into diftferent
signals,  Vor examele, two siemals differine only in corstant coetficiont
in many communication sveters corvespond to one messaee, With a shitt of
the signal in time bv oo cortain magnitude, nsuallv o signal i« obtainad
which corresponds to that messsye,  With narrow-hand <ignals o chanpe in
phase of the high-trequency filling and even a change within narrow limits
in its average frequency in manv cases likewise loes not chanpe the message
to which the <ignal corresponds,

Recause of this the transeitted <ipnal amounts to an element or not
pdiscrete but a continucns seot of possible <ipnnls,

Many authors complerely fgnore this tace and i copetimes Teads
important divervences hetween thearetical resulte and practice,  Other
authors (for examrtle, teinsrein® view the ambiouity in a <iimal a< o re-
sult of the effects o irtertforence” ocoenrring at he inecapt of «ipnn
transm’ ssion,
fSee Section 1,40 Phe ensrapy of 4 o sonrce of intorpation s de-
termined by oequaricns (1,70 and 010 10Y Ta the mathematical axpectation of
an amount of intformation per eierent of o message, Yo that this moymitnd
have the actual meani—~e 0 the averace vialue of the ameunt of infarpation
ner element In oo certain, sufficientlv fong secauence of mes<ape eloment
it is essential that the source satisfv certain conditions of crgodicity
[17. <Strictlv sveabing, actual sources of information are not erpodic
hut can be considered approximitelyv so it they are considered over o streteh
of not very long segments of ime,

e

The concent of entronyv of g messiagre <ource is closelyv related ta the
thermodynamic entropy of o physical svstem which forms, together with the
ohserver, a source of messages,  The greater the thermodvnamic entropy
fdepending, specifically, on the numher of degrees of freedom) the preater
the amount ot informatien required to describe its <rare,  Frillouin [13]
made a detailed investigation of the relationship hetween intormational and
thermodynamic entropy, .

3. (See Section 1.6)  The Baves criteria which are bhased on minimizing
average risk (1.21) are suitable for designing a decision svstem only in
those cases when the a priori probabhility of elementary messages pix, ) are

. ‘ ) i

known, In some cases in desipgning a communication svstem (specifically if
it is intended for conpection to severiad sources previouslv umknown) the a

4
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4 priori probabitities cannot be determined.  In such o case the minimax 3
1 criterion is often used as a basis for desipnine che Jdecisrop sveton, |
The minimax criterion is a method tor cvatuating o decision wvarem
; in which maximal values of conditional visb o1 200 are compared and he #
3 maximum is taken for messapes X For cach decicion svster, B
3 3
i : % ;
[y f R - ' . 4
] max m‘u;—(/u,.. DN svad o :
3 b -
L A
', Videcision pattern which provides for o omieral vopae o L, :
. tor which the maximal (tfor a1l mescapes conditional ool fe Teaa o ae g 3
- least not ycreater, than for any other tecicion avetop jo o cope s fomad oty 4
Ftocan be shown (1.3 that the minioax criterion Toeds to sho v :
g decision svstem as Jdees the Baves criterion o F ominimad aversee ris! o with 3
3 the condition that the o priori distribution of probahilities o mesoapes 3
3 i <elected sooas o he the Teast favorable, 10 i actualioy che o oorjord :
1 distribution of probabilitics e not the leagt faverabhle thep, s e 4
k- tritution, it would he pogsible *o Jpaien 1 Jdectabopn e om boaed o op e 3
] Baves criterion which would provide @ Jeseer appisnde of qveree sl b :
" aominirax decision svetem,  Put, on o the ocbee hand i Do s e i T ;
; to tfind an a priori discritution of probdalitiea with whi-h e werape &
3 rick in the Raves decision everer baile o anather o wriorl Uesribpri o 3
- will be vreater than i the minipay sy ares, |
3 Be will note [0] thar 08 Yor a0l caces o prrer e et e caps et ;
3 by
[ the same, the minimax decision ~vstom coincides with o oeverom loecipped ip i
i NEC @i e S ERE it rien o e bl :
E Inasmuch as 0 communication svertep o intended Yoo che v mamiaaiop o ;
i information, it seems reasonable to Jdefice qo optiral foct oron o austepr s
the one which vrovides tor the comletoes vocaihbe gee o She Sndhpegs pop
contained in the signal received with prarecs to e mecagpee ranemitied, g
3 In this way it je possihle th ecctahlich g inYormation sriteriag o one g
7 tivality, dinforrunately, there are pregs Jdidtficultios grberent e o hie
: I the cost H(xi,wf\. which fivures in evevocaiom G 000 0F qreoepe iy %
is made inversels proportiona! te the aponet of interr o contained in
x! with respect to x., then it owonbd seem thys the oriterion o gverare rist
l i
: would Tead to minimization of loss ot information in the decicion svesem, -
But a certain peculiarity arises in connection with the dact that the oint i
probability entering into the expression for rhe amount of ipformation ’
] itself depends on selection of the decision svarer [0], :
b If in (1.21) we set the cost ﬂ(xi.x;‘ with x} ¢ xi\ o the inversely §
1 proportional a priori probahility n(Ni‘ ton the hasis that the informiational ;
content of the message increases with o Jdecreace in the o ooriort probhabilieed ) 4
! i
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then it can casily he seen that the criterion of minimal average rish co-
incides with the criterion of maximal likelihood,

Several authors [3, 1] sugpest that the informational criterion he
that according to which the optimal decision svatem selects that one of
hypotheses X, in which the particular amount of infarmation contained in
an arriving signal =o'
is maximized., Thi< approach alea lends to the criterion of mavirmal tile
1ihood,

d, (Sce Section 1.7y bxpres<ion (1.43) tor the amount of informarien
contained in one continuous process o' with respect to another continuous
process can be chanpged as followe:

- “ w(:'):..“‘"" e
I(x. 2%) (. 2lq -“u;{'_,:m(;:,’-./x

xz
. w(c| ) s
= w(c, *)log oniic) detl= —Yw(cdlogw(y) fv +
v ks
(1.5
+{(m(:’)m{v["\lng LYy ralt RNx) - A ()
X
. Shannen calls the maenitude hixd o= -—-Sw(()hvg wivide K- the ertranye o
X
continuous rrocess and the ragnitude h -y o ”m(-'w wle] &) Ing i fey il

e
the conditional entrapy of 4 procees x with o Fnoen nyocess -
such terminolopy is not especially rortunate <ince the indicated rmiaenitudes
Jdo not possess those properties which are had by entropy and the coandirionn]
entropy ~f discrete <equences Hixt and Hix =Y, Therefore, fellowine Voo,
Folmogorov 6], we will call hix) and hix' ="V the difterential entropyv and!
the diffcrential conditional entropy respectivelw,

! anever,

\s was shown in Yecrtien 1.7 the entropy of a discrete messagee ox1 an

he detined zs the amount of intormation included in x with resnect to i

self, H(x) = T(x,x). The differential entropy Joes not have this meaning,
Indeed, from (1,43 or trom (1.7V it can be <hown by meane of passage to
a limit thar, for a continuous process, [(x,x) =

This is altogether natural since for ar exact descerintion of 4 finite
segment of a4 continuous nrocess its vialue must he regarded at ap invinite
numher of points,  fven for an exact settineo of the value of a contipnons
random variable describing the distribution density (x), anv finite =ay-
nitude assigned to the amount of information nreves te he insutfticient,
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This can be explained as follows, We will breal the entire domain of K
] values of the variable x into sepments of sjize "y oand we will produce thic i
] magnitude with a precision of "x'2, Obvioucly, the amount of informition /
3 needed for this can be defined as the entropy of a discrete maenitude, i
3 adopting the values of xi with a probability of w(xi\ i i
: ;
; . :
i (<) vu(\.).h leg i (vo) 3y .\ PRSI SV SY RN 3
*? e 2
4 R
E _Ewmjdmh wgumHﬂuﬂmilhb o
1 i
4
It now “x is allowed to anproach -ero, f.e,, the mrecicion with W ?
the continuous randor variahle i< et increaces vitheur limit, the fires
term in (.51 avproaches the differential entrony Ay - Su(i)lzut-n’n 5
i 4
and the second trrm increases without limi*, 1
This result can only he expleined in the followipg wav, T8 thern v ]
; a channel with complete absence of noise <o that the sppnal rveceived, o' :
b i< fdentically eaqual to the transritted cortinuous <ipnal - 0 (or anv ]
vilue of ' ie a repular inverse function of -, then iz, =" =« oapd i :
should he pessible to transmit over <uch 1 channel ar erreor-Yree mescge ]
from any scurce, ne matter what the productivioev, 1Y the devendence 3
hetween x and ' is not recular hut inverse, then lir, ' i< a Finite ]
nositive magnitude,  We will point out apgain that the terr “cortinuons
srenal’ i< ote be understeond not in the <ense 7 continaousness o the -
tion zit) but in the sense thit the signals ~ot) are elepents of 1 continaous
i get .,
The Jdifferential entropy hoxdl, in contrast ta the snatroey o0 g - j
crete source HixY, mav assume nepative value<s,  "urtherrare, the diSoeren. X
tit] entropy mavoat will chanpe ite value and sven fte cipgn with g change
in the urit of reasurement of mipritude x <ince wher thic ocenrs the ]
vialue of L (x) changes.  As far as the ditTerence in diferential entross
(1.50) which is equil to the amount of ntformarion contained in one cor- ]
tinucus nrocess with respect to another, it does not depend on the unit o .
measurement hut on the lorarithm bace (i.r., on the selected unit for
amount of information). In actuality with continous peocesses anlyv the E
amount of iniormation has a phvsical meaning, .o, the JifYerence ot dir- )

ferential entropies and not the differential entiponyv teelf,

We will point nut that by simple transformatior it i< ressjile o 4

wn follows:

exnress T{x,z'"Y hv aralogy with (1,400
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) . :
L. TP DISCRETE CHANNEL AND FUNDAMENTALS OF CODING THEORY i
3 1
9 i Clacrete Thancels and Taei-s Classification
2 ) ) i . . b
! norany crobleore in coppieication theory the structure o the modu- ‘i
4 prer and emadil atar bs gieen, T othese ciises rhe channel is that part )
: Coaooornuricition bine whiee is ooncireled i Vipure 1,3 by the hrolen 5
- . Bypacpete code avehole vogre lelivered to the input of such a 5
4 . 5 ) . . %
el and Cpem the sutent e taben svmboals v which) penerally spealing, %
5 nor o aincrde vl (Ulpnye L0 i
a : b . . . 3 4
3 e aocaanee, s catled disereste, In ostudvine transmission of 3
[ . g o 0 - 5
3 possapes cver o dpserete choneal o cbe rgin nproblem is ta find rethods of 3
. . . . . 2 . . . - . .' ]
decandteg and Jdecadinge which permit ) in one sense or another, transmitting i
- ) Sacpprey ot e Sonrre,
<
A O itmosr gl oactunl o communtention Hines a discretre ;
BRI ST Prselt 0 conripueons channel at the inont of which 3
p. .. . . . . o . i
] - U ard Yeamorhe aptpnt o whiceh sjgnals sy die- 3
! covten Py vrepterence, are taben, the vropertics of this continuous i
vormas b gl o] o ety eene e R sd pog of the madulatel @nd demndiila @0 ¥
! s Y et e e 1t s e teres af the diserete channel, Therefore, ‘\i
A T T R UL B R AT B Sded g disorote representation of g ocon-
3 Ceas oot Y e e prptheratrical investipation of a Jdiscrete
1 pet e sepr e Jhopned and the interference acting on it oare ne-
O LT T B o e b e Neerete chamne . ol inp an alnbabet 1
B S b o, ® o pepuing stotce innnt, an aivnhat er of code
1 _
1 T T R srrut, the nupbe» oot sede svrhads
3 o cor L ant N vae s ot wrabahijlitios of conversions 3
] . o oA Ll e N char wwmhal v appears gt the outp? }
i
; T et oyt et o Thege nrebhabibities Jdepend on
] nyrrk e were tectmd e el rpgelved nreviensiv.,  The alphiiet of :
2 . . . . a
3 & - coomhe dinpar oand o trer o0 0 charned reed not hie the same, sre- :
: AR B LG En S soeg i e vyt ot T m o The variable v ik sometires i
4 I A RO S U S 8 o R SR
N A DO ) S I 66 R I RO S i | x'}‘. far each naiy i, remain
" cocand Ay nee denend o what svphole were transmitted and received
I . . . . . .
3 R e il Al s e dmmEl is called comERmAnt @ unitorm,  Some'tiped ;
{
A __‘\.’_ b
%
A
; ¢
!
| i
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other names are used: a channel without memorvy or a channel with inde-
pendent ervors.  If, however, the conversion probahilities depend on time
or on conversions which have talen nlace previously, the channel is called
nonuniform or a channel with memory,

Interference

source +———| device device recipient

Messaaqe Fneodinag , | Necoding | Messaae
X v Channel v X

Fiqure 2.1. Communication System with a
Discrete Channel.

In a channel with memory the probabilitye ties, at least in the first
approximation, are distributed only over a cerrtain finite scement,  This
means that the conversion probahilities p(v! v ) depemd smowhar conversions

IRV o

took place in the transmission of the preceding b osymhol< and do net denend

on ecarlier conversions,  Such a channel is satd to have a seriecs of dis-

crete states qi""gr which are determined by preceding conversions, the

relationships r < (mm')L holding. For each state Qq conditional conver-

sion prohabilitics p fv! vi) are detined. At the same tire, onlv the fust
9] ‘_l .

bosvymhols transmitted and received determine the channel states

The werage urnconditional conversion probhabilities are determined by
averaging the conditional probabilities over all the shannel states

r

plu' s N\NY P py (), AN

g |

whore P“ is the nrobability of state 91.
! ) '

In actual channels in elerent-hv-eltement recoption the conversion nro-
hWahilities piv! vl are pot given, but are deterrined, on the one band, by
} e §

interference and signal distortion in the channel and, on the other, by the
transmission rate v of the code svirhols and by the First decision svstem,
By selectinag, on the basis of one criterion or another, the optimil ie-
cision cvstem, it is possihle to change the conversion nrobahility in the
desired direction., In order to consider a channel discrete] it 13 neces-
ary to select the Yirst decision svster and, tabing into account the
cHfective interference and distortion in the channel, to compviate the con-
version probabilities. Ohviously, in those cases wher the parameters of
an actual channel are constant and the active intererence in the channel
is a stationary random nrocess, its discrete renresentation is a constant
channe!.,  1f these conditions are not met the Jiscrete representation, as
4 rule, is a channel with memory,
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it
1 <
b Figure 2.2 Probabilities of fonver- Filaure 7.3, Probab lities of 00n- 4
3 sion in a Symmetrical Rinarv Channel, versinm inog Symmets T g Fego e ;
Channet, .
] - : . . ,
; [f the alphabets at the input and output of G ounitorm ob el are
' identical and for any pair i # i the probabilities novt = conet ;
¥ 3
then this channel is called svmmetrical., Be will also call 4 ari e 1
channel symmetrical if in every state “l For anv nair § 4 7 js ulfilled
. . (
the condition
Y 10, ' S i
pela’/yn) = py= const(is ). el ;
From (2.2) it ohviously also follows that
p(y’',ly.) - -const, A
: but it would not be true to assert the converse., Chapnels with remoryv in 3
which (2.3) is fulfilled, but (2,27 is not, or not tor all a, vi11 he ¢called i
average svmmetrical charnels. Figure > achematicallv shows the conversiop :
probahilities in a syvimetricai channel, E
: Among the channels in which the alphabets at inpur and output are nes
} identical, the so-called erasure channel, n which ' = = + 1 i¢ ot in- ;
terest. It gets its name from the fact that its onrvur alrhabet comtaine ;
the additional svmbol v'+] S i A il rRgSsure RSl s the sERbe LN L A
“m 4 s p
: common to hoth the innut and the outrut alphabets.  The impearanie of
% y%+1 means that the transmitted symbol has heen distorted he intertference
) and cannot he recognized. Theretfore, a portieon of the received code semence
" has been erased, ;
: As will be shown subcequently, introduction of this< erasure «amhol 1
does not disturb the feasibility of correctiyv deccding the received code se- 3
quence, but, on the contrary, ftiucilitates it when the coding methad ap! de- i
cision svrtems have been rationally selected, ;
- . . . 3
et us ohserve that the code alphabet at the output is determined by
' the choice of the first decision svstem and is therefyre considered to be j
; given only hecanse we arc examining the discrete representation of the ¢
; channel. The choice of the first decision svstem also to a considerable j

-

degree determines the characteristics of channel svmmetry.  Vipgure 2.3 shows
the conversion probabilities in i svmmetrical erasure chunqel,
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ttois vessehle co encode the conrce mecg e 1 et gy s shey gn e
transritied s acouritels s despre !l o ver qone elec Viarress ohannel e
anoaveriape rite o
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¢t leters, sev,
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where i< a posyr o ve rarnitude which To al ama e teayred,

It is imnossible to tranemt the= s aeocurately - tecarel at 1orate
greater than v log m/Hfx).

the foallowing assertation 1< an ohvieus concegnerse o *heg thearer

which 1< applicable te g sorce with a0 fixed wate,
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Aver the channel cach secend,  Hue o= 00 Ty e oo T s b Tt
under these conditione the thoorer ¢ tre ever wien EAN S LA BT S R b
i cometimes thouphe, bt without anv evect o reacan ol the meca e o
transmitted withour conding,

v N . t

S ler Bo- = Jee ., ae bBetfore, bat e = PN combtTe g 2 whe

X
nurber.  Tet ous Corm ol et le code avrh ol cequiences ek sl + hompye i B
. i . .
cf lenes™ a, 1t i< anvarent that chere are =0 o0 thep o et e eyt bbb
mutually uniaue ~srre<eonderce between cach mes<ape elerment o ot cade
:
. . Wiie v . . . .
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ritted over the Jhareel corresronde tn o nele mreccgpee olemenr i By

the frans—itr !l Zate oY the ressqaee eleferts i«

v / / !
o el ., B .
© i al g NS t St
Thus in this case, teoe, the theorer i< e even when SE A SR TR

in which all code combhinations are of the <are lenpth o i calle! 4 unicore
a-digit code, -

‘The term
av he imagined a< numberivge all the elerencte v the conrce alphabet with
a-digit numbers divisible bv

a-digit code™ owes 1te crrpin v the et ahar o ap o che case ey amone !
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TFar the <ame <scurce with B H DI e A R S PR
Tt N 4
vhabet 7 not he a whole pover o che pnumber =0 thig oo v B e
cource nderendent iyvoand with o cqurmrahabh oo b oee e e
OV, 0 9 while the channel has two cvmboba deanpg e 00 g 8 ° s K
. . . - 3
mits transmission of v osvmbole ner wecond,
Hepe © = 10, ¢ o 20 10 = | g L
max
¢ ‘ecordinge to the theorer the transmission pate o 0f e T =l ‘ i
v he made as Close as lesired roo0 0 0T 0
o . :
let us trv to qchieve this b encot op en o Trpe o v o e
digrt code, This reduces essentiallv to rerresent oo hond b e
\'l" A .5) Paye 34 Mn:lr\' vmmiw‘r l\l\l\l\‘ -1‘u|! R |:,A\!' L 9 o Boo B0 ot . I -
digit binary numbers are needed Cor thic, Iheretoes e s veiggpe e e ¥
(decimal digit) in this coding reguires tagr oo womb le b rpee 0 b i
i rem asserts that coding can he done more Meo oo b T ey i %
3,332 code svmbals per divit, 1
%
1 be will show that this ps pessitle 16 the o o v U q
hefore encoding,  We will conciler every vaip o0 dlprec pmiernt o v !
to he a two-digit decimal nupher, e, we o]0 o ers 0 : {
= 1o and will, as hefore, reduce oding *o renredess i g v o)
in the binary svster,  Prery number fess shoan foc e Do ceppaanne
seven-digit binarv nurher (hecause > - 0+ LELMYR - fi o Bagey gy
six=digit hinaryv nurbers Jdo nor <t ice toorenresers 0 e T
numbers) . In this codirg every 1o messoe o R OSSR Vi
7 svembols, oo, an averiage of 3.5 code aumb bg e 0T e 0 o
alvhabet enlargement,
|
Let us continue enlarvine she alnhinber bavorep el o & v
emitted by othe source as a4 three-divie decima] capmber, L LT
b in the “inarv svetem by oa Io-digie narber i 0 0 IR '
sequentlv in this cndine ope drypir reanives jo0 7 03 337 “
1< already very ciose to the theoresic] 3378
r‘ N 1 v ¥ . .
] turther enlargement ot the qlohabet ol = e b o o g
3 Jdigit transmission rate over *%ic bhipary ctanne oeven ol ower o
Vilag 10 hat, of course, net in e Geewes Dode 0 Al A G o .

enitted by the source are combined into o ~-dipge B0 T et

be expressed hyv o v-digit hinary rumher e oconiicios b0 o7 o 00
x log, 10 - whence
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In the given case the cqual <sien is cven impossible <ince with vhole-
number values of x and 0 rthe equality x lop 10 = v means that Top 10 je g

rational number, while in reality it i< jrrational,
In general, when IE = 11 ) hut 7 is not a whole «r rational power of
m, there mav he found for anv number b oo whole number o which males theve

ineaualitive trne:

7 l’[
leyg ! .,l‘- vl (UL n

. - .
g L "

veowill orevard every b omessape letters as oo letter of an enlareed al-

- b . . .
phabet containing clements and will establish o matually uniaue cor-
respondence hetween the enlareged letters and the code combinations ot
uni form a-digit code, as can alwavs he done on the hasis of (7,10} (since

h a : . - : : y
r ), and some of the combinarions will aleo remsiin unused,  Then every

comhination of a4 svirhols transmitted over the channel corresnonds to b

letrers of the primiry messaee alphabet, lere the transmission rate is

b (b

v ] Wl LN
From 2010% we have b loy 7 - o log Mo - e, Whare s loe
THhic pxrres<<ion mav be written in the Corp
al gym (" ICTR IR ek

.““\ rer 0

Fram o thic - b b b

R S ) R = R

.,(“ l 1 . ""I:'“
TH b1y

! . - - r
It numher b 1< chosen $rom condition & "(Il' l)x , then
(? .
[N H [ (.\. ]‘1‘

md this is what we wanted to prove,

The resnlt Jderived <hows thar in oo channe!l with careving canacity
weeocan, hvousing aounitorm code, trapsmit the messiaees of anv source
which has an ainhabet of size 7, and can do <o at a rate as close as de-
sired to ('.,/Hm“ = (I/log:' letters per sccond. We will call this the primary

method of coding., This confirmation is, of course, less rigorous than re-
quirement of the theorem according to which anv source with entronv
i can have a transmission rate as close as desired to OO,
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2.3. Methods of Fliminatina Messaae Pedundancy

If the messape source has no redundancy its nroductivity is U7 = H'qu

and, as was shown in Section 2.2, a simnle procedure can encode the messape

for transmission over a noiscless channel with carrving capacity - [ ,
max

In the case of a source with redundancy ' ~ H'qu. Therefore the nroblem

often arises of transmitting its messape over a channel with carrvine cani-
ORR RO which is in princinle possible nrovided that ¢ - 1' The

appropriate coding must transform the message element secquence with redun-
dancy into a code svmbol sequence wit iout redundancy or with considerablv
less of it.  Therefore this codipg operation mav he called redundancy
climination,

Let us first study the case where a source selects clementary messages
which do not have the same probabilities, but selects tiem independent v
ot cach other. In this case the entire redundancy of the source is the re-
sult of the unequal probabilities of the clements, This redundancy mav he
eliminated completely or rartiallv if durine encodine the most probabie
elements are represented by short cade svmhol sequences and the less nro-
hahle by long sequences.  From this it is apparent that thie efficient conde
must he nonunitform.

If message element x, i< represented v oo code svmbol sequence con-

1
srsting of D symbols the averave number of svrhols noin the code scauence

per clement is l

17 \' [7(‘1\‘ NS
A
— (o I

[

Maximum entrony Hm-.(Y‘ of the code sequence rer svimbol caunls top

HIND
where m is the number of different code symhols,  Conscauentlv, the averigee
code sequence entropy ner corhination (corresnondine teo a messapge clepent) is

:
wll - JJ4“J£UU }t Pl el (2.16)

F

The chief reauirement made of anv code i@ that it he possihle to un-
amhiguously decade the code scauence. This leads to the stinulation that
nH(v) = H(x), whence

N TAEY i CONY
- - = . “R, ml
Ll S [T Y B / &

t\.\'

e

The expression derived pives an estimate from helow ot the averm e
code comhiration lenpth. The task of cconomical codine is to select a code
enabling us to move n as close as possible to that estimate., 14 in expres<ion
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2.17) equality is achieved!, this means that 1) = 0 (v} and that the

code sequences obtained will have no redundancy.,  Otherwise, residual re-
dundancy will remain and will be

LA " S

¥ Hiaxy) n gmh' (21

This redundancy, however, mav alwavs he made substantially less than
message redundancy o= T-TH(YT/ Ve,

Actually, by using primary . oding (Section 2.2) with o uniform a-digit
code we mav derive n as close as desived te log "/log m, which, hy substi-
tution in (2.18), will give roE v But by using a nonuniform code we mav

always shorten the average code comhination length ¢ by emploving the shorter
combinations for the more probahle - igns (provided that the messape letters

are not equiprobable); and we mav thus derive rL T i.e., oliminate at

least some of the redundancy., Let us note that residual redundancy can he
made as small as desired by enlarging the alphabet,

When designing an optimum nonuniform code which permits maximum
limitation of redundiancy we must tale into consideration the reouirement
for unambiguous decading, 1t is caev to see that rhis requirvement will he
met if not one comhination of a given code coincides with the beginnine of
another longer combination., This code property is called "irreducibility.”
In decoding a code svithal sequence the nroperty of irreducibility nermits
the unamhiguous division of this scquence into code combinations and the
comparison of the corresnonding message element with cach code combination,
i.e., decoding. .

For examnle, a binarv code with base m = 2 containing code combinations’
00, 01, 100, 101, 110, apd 111 is irreducible, whereas a code containing
the combinations 00, 0], [0, 11, oan_ 00l 010 js not because combination 0]
coincides with the bheginning of 010 and combination 00, with the hepinning
of comhinations N0 and not . The first of these ceodes permits vunambipuous
decoding, 1If, for example, the code seauence

It is easy to prove that thi: cquality is possible and alwavs attainable

. R -1 .
if each of the prohahilities p(xP) equals m "k, where n, is o whole number,

“The property of irreducihility is sufficient, but not necessarv, for unam-
higuous decoding. 1t mayv, however, be shown that the stipulation of irredu-
cihbility does not limit the degree of redundancy elimination attainable
(Remark 2 to Chapter 11),

‘Tt is convenient to designate code svmhols by numerals. When the code hase
is m we will designate the symhols by the numerals 0, 1,...,(m-1Y.
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000110 onlod oo ignai tol
is received, it may be divided into code combinations onlv in the following
Wiy
00 GL 10001 01 101 01 00 100 Lo ol oo ol 10l
It the second code without the nroverty of irrcducibility were em-
1

ploved there are different wavs in which the same sequence could he divided
into code sequences, for example,

00 00 10O O 1o 1L i O o o] 1001 00 ol o

or

000 11 010 1o 11 vto 10 0je 0 10 010 00l 10,
or .

00 EEOTUTO 11 0V 01 001 0ol 10 01 oon L 0],
etc.

Various methods (algorithms) are tnown 1,353,407 for constructing irre-
ducible nonuniform codes of hase m which mabe possiblie the greatest degree
of elimination of message redundancy for a given source. We wii. describe

the most general-purpose method which was provosed by fat'tman [4, 397,

All the letters of the message alrhabes 7 in nupber) are written down
in order of diminishing probahilitv. 1t the number -1 is pot divisihle by
m-1, additional “letters'” are added to the alphabet and are ascrihed o
probhability of zereo so that tor the size 7' of the alphubet thus obtained
the stipuiation of divisihility of "= bv ool je fulfilled.,  Then the
following m elements ot the derived alvhabetr are ceonsolidated into an
"enlarged” element and the vrohability i< computed and nosed in the anpro-
nriate place in the alphabet,  The same procedure is “ollowed with the last
n elements of the derived alphabet (including the entareed ones), and this
is continued until there remains an “alphaboet™ consisting of m elements,

The single-digit code combinations 0,1, .,,/m=-1% are ascribed to these n
elements 1n any order. It these remaining v elements include anv which he-
longed to the original alphabet (i,e., not Jderived by consolidation of other
clements) they prove to he encoded one-digit code corhinations.,  Tor those
elements derived by consolidating m letters of the criginal alvhabet into
code combinations the second zvmboals are written cut <o that thes» siens
prove to he encoded twe-digit combinations. 1 amony these two-digit com-
“inations there are anv which correspond to elements also derived hy con-
solidation, then third svmbols are ascribed to these combinations, and so

on until all the elements of the ariginal alphabet have ceen encoded,

As an example we will construct o nonunitorm code of hase m = 1 by
using code svmhols 0,1,2, and 3 for the source with an alphabet consisting
of 16 eiements (which we will designato with Pussian fetters) with the
following a nriori probabilities:

P A T N YO e )
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4 fhe ontropy of this source i« :
L'T . k
A =3 3
Heog N ploaloy p(vd 2003 k
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bit: per sign and its redundancy is
: : £
1 I () o oauy
: r. S IR | RUr ;
: ! log 1 4 ' i
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A In the given case 7-1 = 15 is divisible by m-1 = 3, so there is no need '
o ntroduce supplementary ferters into the alvhabet,
i . : . : . b
1 Let us consolidate the last tour lerters. The derived consolidated i
%, clerent has o nrobability of 0,037 anl st be inserted in the alrhaber 4
Wotween Doand 1L Let us go throueh the <ame oneration with the last four ;
Tetrers amd write rhe derived consolidated olement with o total nrohahility
5 of VL 0ds in the anprapriate nlace in ke glinbabet botweep ¢ and Do e con-
tipne in the same wav until there remain Touy lettere oA POV and o con- b
. <alidate? ddementY, to which are ascoribed the code cvphoala 0 10 and 300 We q
] then compile code combinations for the derters which have entered into the
onsolidatiore (hy groups of molettersy . The whole npocess off copstructing
the cnde b8 clear from Table 0,0, ;
3
Pinallyv owe will have derived the totlowinge code tahle: i
9
b
1
A Lo oo N ooy
B & ot Ko 1S o0 1
(L 4 I (P S S S A 4
G I't A 10 M 'y R (KRS i
¢
It Is casy to see that the derived code s yrreducible and that the §
most probable <igns hiave the shortest code comhinations, "he averare nurber ]
of evmbols por lerter je A
te,
v N pivgya, 1
1_-X
i
The redundancy of the derived code s, according to (7.1
S . ]
o ey ' a7,
v - wd g DRI

fae, almoat 10t imes Jese than the pedundaney off the messaye source.,
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I't mav be shown [J7] that the code derived Yo othis alporithe T oo

in the sense that with given
sibhle to construct a code with

is a whole number this code s full: ¢
¢

mav bhe obtiained as a result o
this condition i< alwave fulti

et us observe that since
veryv o small all syvmbols in anv

with almost identical freauency and

source and oopiven code boase ot pe e
leoss redundaney. I the cise whoere 723 o
hi< means that ary <eqguence of symhoet
encodineg <ome messape,  brojw obvings rhae
1ted Yor banary codes om0 Y
¢ the redandaney of sach oaoneanni Yo h
1

tvpical

the preababilistric connddt iang bpsween

code sequence must heooeneonnten

the symbols must be verv weal ciLes, the conditiona] probabitico o8 <ome
symhol apncaring when the preceding sv=hois are "nown 87 0ers sere 100
from the total probability that rhi< <comhal wig]l aonear

Let us go on to the more general cose where the messave e ce
Yarkovian and its redindancy is deterroned not only by the poamiepr e e

hahility distribution of th |

ettrers

bt g lsa by the des endes

probabilitics on what letters precedel aoviven Jetter, e wil?h st
two possible methods of eliminatinge redundancy in coding the messaves

such a scurce.

The first method 1w as

ol lows,

A emby sy

of

Por every state S, ot the o caaree there

ts a "particular” cole constructed as descoribed abeve with respest 1

conditional nrobabilitices of the lerter which occur in thie state,
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words, the code 1s constructed as an apgregate of the individual codes for
every state S, (i = 1, ..,r) of the source.  Since state S Qs uniquely de-
3 i i

termined by the preceding mescape elements it 1< bnown both in the trans-
mitting and the receiving devices, We remind the reader that here we are
discussing a noiscless channel in which every transmitted element s re-
ceived without crrers.  Therefore it i< alwavs known which of the particular
codes i1s heing used for the following element, and this ensures the unique-
ress of encoding and decoding,

This coding method completely eliminates redundancy caused hy nro-
habilistrc connections between the message clements or, as is said, effects
complete decorrelation, At the same time, because the ontimum nonuniform
coade o ometoved in oevery state, redundancey caused by nonunitorm distribo-
tion of probabiiities of the olements js entirely, or almest entirely,

sliminated,

he e of this method in practice i« generallv made difficult by
*he peed to use automatic change-over devices for encoding and decoding
roro uge a2 ovroun o such devices for oall ostares of the source.  Sources
ire, howevor, freguently encountered with such probabilistic ties herweeon
the olemes v such that the rethod of decorrelation described ahove reduaces
to extrcolarion of a <equence of elements, i.e., the vredict on of an ex-
pected clerme tram Fnowledee of the preceding elements. lore the

"drfererest between the nredicted element and the one actually chosen i<
; .

»othe copcens UliSYerence™ 1< croperlyv defined for oo ovaiven

cour e e e EYceances have Car o le<s poverful preobahilistic ties than

cot

Jdoothy riving. olements 0 the mecsgpe,

v Sobosbhow this by o apmple examrle. et o communications svater
OrVe  rransnt mes e abont the grprenpth of g ocurrent nut oot by g
repotes o neealiead elocrric poawer station,  In oorder fer these messiages ta
I Tow e b e Corpesnond C o the streneth o of the dnvrent at certain,
momente o type o 0 cveey D weet oqped the measurements must alaen he
cede woth o oD qoauracy tsyv, accurate to oone ampered,  The alphabet
Al = celave of whole numbers fron sero to the value of the mani-
LA Sphteocurrent o which fthe station's protective apparatus rrevents
Srom b coexceede !t These miptiors are not, of course, eaniprobable <ince
the averas thaee Bove the greatest prohabilite, In addition, thev are

indevendent, e rhe o mrabgb iy thyt oan abrant current chanee will occur
in o renth st coooad s overy o smalis o 1t i most prehable that the current
strenpth will roerain {(with accuracy to one ampere’ the same that it was ar
the previous ro ng s ocurrent chynces of 1 amere have consioerable nro-
habiiity, charce § =

ters or hundreds 0 amoeres hgve verv Titr!le probability at all,

darreres have less nrobabilitvy, ote,, and changes hy

Here we have i ecoonce g Mavlboy s conrce whese state i tetermined
‘g firse arproximas s o nle e rhe Tgar mesaape feurrent <trenyth o oa
piven momenti and fop o coverv wtgte je nrecrribed fre oo particular Jdieeris

buti1on - f the nrohakil cas € the ather »negape element s 1the - ther current
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vialues). Morcover, all particular nrobabitity distributions ditffer from
cach other only by the nosition of the most prohable value {equalling the
value at the last moment of reading) and can be found by shifting the

graph of probahilities along the current axis, as Vigure 2.1 shows, This
figure gives the distributions of conditional nrobahilities n(ln/ln-l1 of

the measured current strength ]n if the result of the preceding measurement

wias ln . Consequent 1y, the differences In-ln | do not depend (more
exactly, loosely depend) on the preceding values of current strength!, We
will regard the value T; = ]n g s an extrapolated (predicted) value of

current strength ]n' Then only the difference between true read-out valuce
Innnd extrapolated value

/n /'n /ll '/r: 1

need he transmitted over the channel.,

p[’ﬂ//qrj
pl1./+0] 2l1,/29)
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0 19 20 l.a

Fiqure 2.4, fxsmole Distributior of

Conditimnal Prabalilitiog af Meycaqes
from a Markovian Scurce,.

We <hall use an ontimum nommiform code for these differences.,  Then,
of course, the <hortest code combinatione will mean that the current strength
has not changed, or has chanced by b ompere, while Tonger code comhinations
will correspand to more subetiantial chanees in current strenpth, [t i< easy
to sce that this method of decarrelasion by transmittine the Jifferences
hetween current strengths ixoone of the varimts of the methad of varticular
codes for evers stale of the c<onrce,  'n reality, every cole comhination
does in fact carry a messape ab ot current strenpth at the giver moment
hut in order to decode the combination the ctate of the sonrce must he Incown,

i.e., (in the given example® the current strepeth ot the preceding reading,

1 . . N . N . . .
“In realitv, of course, these distributions are 2ot entirely identicnl and

are narticularly distorted when ) | ie close to zern or te cnrrent maximum,
: g n-

Yt the probability of those extreme states s osmatt oand the distribations
mav be considered identical v <hape w.othout any particular error,

b
£
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: The particular codes in this oxample differ from each other onlv by the j
3 "initial reading point."  Let us note that this method of eliminating re-
dundancy in telemetric svstems is of practical value because it enables us }
to reduce the requisite carrving capacity of a channel and to utilize with
more efficiency an existing multichanne!l line of communication to transmit i
the results of measurineg a number of phvsical magnitudes. §
i

Another method of decorrelation is to utilize the alvhabet-enlureing
operation with which we are alreadv familiar, We thus form a new <ource
alphabet and it the number of letters o the dnitial airhabet chich b
gone into one "letter" of the enlarged alphabet substantially exceeds the
range of action of the probabilistic connections, the connection between th

(R

abpre

elements of the enlarged alphabet may he disregarded, i

1

As was shown in Chapter I isee (11D total redundancy does not an K

crease when an alphabet is enlarged; hence the decrease in redundancy caused 1
by reciprocial connections must he accompaniced by o corresponding increase

in redundancy as the result of unequal probabilities of the govearance of §

various elements.  Actually, the enlarged alphabet of o messave source s §

alwavs characterized by a more uneven distribution of element vrobabilities ]
than is the original alphabet,

By use of an optimum nonunitorm code to encode the enlaved alvhabe:
we may practically completely eliminate the redundancy contained in the
message.  Theretfore, the process of eliminatine the redundancy of o Yfarbovip
messiage source reduces to two operations--decorrelation by ousine the ooy
ticular-code or the alphabet-entarving methodd and encoding with the on
timum nonuniform coade [57,

o ST ERNT

Many countries use svecial codes for of icial televrantic orres-
pondence between the different ministrics and departments, "hese codes e
short combinations for transmitting often recurring <entences and expressing
[6] (tvpical sequences for a given message source’, while rirely encountored
sentences are transmitted in the ordinary wav,  This 1s o tvnical caarnle
of the elimination of redundancy by enlarping the alvhabet fio whole sen-
rences and parts thereof) and hy efficient encoding, Vv conciderable <oving
in telegraph expenses is also realized,

The described methods of eliminating redundancy vermit eftfective use
of the carrving capacity of o noiscless channel,  They are also usetul in
cases where a large volume of information must bhe stored in various memrory
devices. let us note that cconomv in channel carrving capacity or in remory
device capacity results in the last analvsis in actual monetary savings, in
reduction in size and weight of instrumentation, ctc.

The elimination of redundancy, however, also has a significant negative
aspect. Code svmhol cequences of an optimum nonunitorm code, when they
are stripped of redundancy, prove to be very "hrittle” under the effect of
noise in actual channels or in actual memery devices, This brittleness

-02- ¥
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consists in distortion of ane of the svinbols in a cequence bheing enough !
to make impossible correct decading of the letter containing the <vmbol

as well as a number of following letters!,

Let us clarify this with an examnle.  let us assume that the followiny
telegram is transmitred over a communication channel: "WPEAT PRARVEST FANTSH D
{000 CWT GATHERER."™ 11 this televram was encoded in a primary unitorm code
without the redundancy removed, then erroncous reception ot one or oven
several isolated code svmbole will lTead only to erroneous decodine of one
or several letters. fet the telegram be received in the fallowing topr:
UWHEAT HARNEST FENESHED 8000 DWT GATHERED, 1+ is obvious that the reciiient
of this telegram casily reads it and restores the sense according to context,
the tour mistakes notwithstanding, This is bheecavsce of the redundancy ot the
Fnglish language. Since the entropy per letter is considerah's le<s than
the maximum entropy the overwhelming number of random seauences of letters
torm atypical (meaningless) concatenations. Those inclnde what was receivel '
instead of the transmitted telegram and for thi< verv reason the tvpical
(meaningtul) sequence which in alil probability wos transmittred over the
communication channel mav he determined, let us make the a nroposg observi-
tion that if the numbher 6000 had bheen erroncousliv received instead of {nnn
it would have been impossible to correct this crror from the context, The
reason for this is that when numbers are exvressed in rumerals redundancy
is abruntly reduced since every nmumeral sequence has meaning. The number
could have heen written in letters ("ecight thousand') to increase tidelity, {

et us suppose that the same telegram was encoded with the svecin
departmental code which was mentioned above so that redundancy was reduced
to 4 minimum, I'ncoded with a titeral alphabet rhis teleperam mav, for
exanple, have the form KTSUA Qoon, which can be transmitted over o tele-
graphic communication channel considerahlv faster and rorve chem v thar
with a primary code. Tet us assume that one letter was distorted in tran -
mission and the code sequence received was KTMIA oo 1 4 cade climinates
redundancy efticiently enough it has the property of comnleteness, i,e.,
anv svmbol sequence is tvpical oy, in other words, has a meaningful context,
In the given case the telegram received mav, for example, rean: "Recause »f
natural calamities the crop on [000 hectares has been lost.” It is ne
longer possible to correct the error from the context.

Therefore, every elimination of redundancy is associated with the risk
of losing fidelity when messages are transmitted in a noisy channel,  The

1t sheould not, however, he thought that after one erronecouslv received
s/mhol the whole remainder of the sequence will be wrongly decoded. As
Gilbert and Moore [39] have shown, optimum nonuniform codes generallv
possess the property of autophasinp, as a result of which the possibility
of correct decoding is restored after several erroncously decoded signs.
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We will note that the permissible code combinations become ecaut -
rrohable and independent if nrior to the receint of the correctine code the
roedundancy of the message is eiiminated using the methods described in
Section 2,3, In this case the entropy per code comhination i< caual to ¢ :
log \” and inasmuch a< vn ocode combinations are transmitted ner unit time, 3
the ameunt of intormation arriving at the input ot the channel in the it ]
time 1s caual to v'n loy N and inecguality (20020 indicates that the rate i
[ ! !
ot intormation transmission must be Jess than the carrvine capacity of the E
channel, )
Yived methoads of decodinge are aleo posepble with <hich in some chaces
crrors are corrected and in othere thev are only letected,

3 The arplication of a correctinge code meane the introaduction ot redun- k!
Hingy into g <equence of code svmbols used *o drcrease the fidelity of re- ]
eption,  The magnitude of o redundancy car o bhe compute? 30 it i< horpe in
=ind rthat the maxiral entrore ot ¢ code corbipat vapn containineg poevrbonts
% o code e SF e T e the et ety which wan o vrevar) V8 all vt sode
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Remembering that from (2, '3) \” = i bolds, the size of the ep-

{(l-r In . .
coder memory must be cqual tom Vi log m hits,  The recersed code cor-

bination is compared with combinations stored in the memory of the decader,
to each of which a certain decision corresponds,  Obviously, with such a
method of decoding, the decoder must stare all possible code continations,
permissible as well as forbidden, i.c., have a4 memory <ize ecaril o

m'n log m hits, Thus, the sizes of the memoriecs of encoder an' decoder in-
creases more rapidly with an increase in n than they would it b Taw were
exponential, As 2 result, with a value of n equal to 30, +he oonpred sire
of decoder memory for sach a universal method tassuming r 3 whes

]

Tohits, diLe., vuny tires yregter o o that

magnitude on the order of 10
technologically attainalhle,

On the ather hand, to obtain high fidelity in reception auing cor-
recting codey, i* is aften escential to use 1 value of on the codoe o8
hundreds or even higher., Theretore, a vrincival tast ir rmoder ding
theory is to tind codes which permit Jetection and correction o crrors,
not by means of compr-ison with code comhinations ctored in a ovorory, bt
housing relatively simple orerations pertormed on g received b o -

nation, Several achiecvements have alreads been scored alongy ¢ | Sayee
Codes have heen sugeested in the arplicasion of which the camet v Tey 0
the encoder and decoder increases with an increr<e in n, not e nential iy
hut in proportion to a rather small vower o7 n (10 1T P10 Pr o e by
tion about these codes will e vrecented in the Tall cipy »ar LR
detailed classificaticon of sugvested correcting coles 1o pivpe - 000
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It is natural that in eases whereo the Tipect recpniope

is not a man but a machine (e o0, In automated contro

source redundancy is ditficnlt 6 nse tor

This redundancy is onlv harmtu: becoause i

the carrving capacity of the channel, 7o

introduced during encoding, it it correct

teristics, permits improving cormunication
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Incidentally, in some cases the pedumd e v o
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and mav o be usetul in oincreasing 2odel et e o
simple interference-resistant cote e neel et o
Jetection of erreors, Peadippee oen Tareseat oy .
storec Mvonterrolation hetween o' qoere e e
.5, Canrcrars Symmerrical (aneed =
Vowenetant svmmplient o] chogses SRENTIEE R
hase ™, the toechnricn! rate ¢ cond e sie .
PO cmcerreet shgbho ] e ban s kg
Bl liey o8 pryay’s
. .
r E_F‘W,“n\ e ! R
Jea
L A T T I JURT S AL s O
o

+

Vo e
e et b

ot es

AL

[

rodun ey

byge b genia

P Y
e LR
i . .
PR
1
e

.

¥

Il Bt 0
vy,
whﬂ‘

.
g R

OQ0
o
A ’ ‘

5"

+
4
| @
b
b,
.
4
i
|
!
|

!
4




.

I

T

b AN B e e oo Lt e B bt e i e bt et ¢ St e e ¥ SRRSO, . . e .

anly H'Y in this expression depende on the distribution of nro-
babilities p(yi1. Hence, in order to determine the carrvipg capacity of a

canstant symmetrical channel we must ind such a2 probakility distribution
p(v.) as provides the maximum value of By, Tt i< abvious that 11001
; !

adopts 4 maximum value of lTop m fn the case where the received svmbal pro-
Wahilities pivi) are cqual and de nort devend on other svmbols received,

Rat trom the vrovert o of o svrreseict] channel it i< easv to <how thayt o
the foregoing it i< necessary and euficient to imnoce the cgme conditgoan
on the nrababilire distribution v, Y o the tranemitred evrbnle,  Tinder

i
thys condition the rate of inforrmation rpansrission 170v v 'Y regthes
maxirum which couale the channel carsving capacity:
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: svmbols a certain r svmbols were semehow distorted and the remaining n-r
received corproctly, aecorlding to (OU0F) s g
f 4

14 r ’ o
[ patnd (, ;)” AR 2,5 i

It can casily be seen tha rnn", is a monotonic decreasing function of r .
inasmuch as p/m-1 - I'm - 1-n and does not depend on what ~evmbols were re-
ceived incorrectlv, o Rut v (1) can be viewved as a function of the litefi-

n

hood ot o transmitted code combination if it differs from the one received

H

inocervain orodigite,

From this it follows that in a constant svpmetrical channel the fane-
3 tion f litelithood as<umes a maximal value for that vermissible code com-
Mnacion which Jditfers from that received (farbiddert combiration in the
1 feast number of Jdigits. (1f there are several such combinations, thov all
] have the <ame values of lilelihood function),

In coding theory the numher of Jipgit< in which code combinatior
i ers fror o cede corbination Bois called the Pamminge di<tance 11537,
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hetuween these combinatione, Tt coan ecasityv bhe seen that the Hamming i

;

tanee satisties the usual conditions of metrics, and namelv: 1 when and 4

sl when corbinations v oand Boare identieallv eoaual; 2, d,, - "'!‘\' At 3

VU ; ;

; S, tar oy three combipatiops the gxton of o trianvte holds ;

- PR T

dyo - dvg - dy o ooy ‘}

, I
.' \nd woy in decodine accordipe to the criterion of mavisal Pitelihoosd
) poreceited Uarbidden combination rust he intereoreted as the rerpisaihle :
combinarion nearest to it (in *the cense of Pammine Jdistancet,  Incorrect i

] docodine in thie case will obtain enly when, a¢ 9 resilt of the action ¥ K
1 - . - . . - 4
wrrse, the poceiend coade corbination ig farther frer othe ene acrually trans- ’i

] ~prred shan oanv other permissibhle corbination, .
Y
3 ]
- I hetween tuwo vermicsibhle code combinations Voand B othe Hammine Jis- ,
! tapce 19 gl e !\._. in oarder Yor the traperitted corbination V oto be Jdo- i

dod o w i recessary that an the received combipation Y'Y there he

not lese thyn 102 "‘H‘ incorrect v received svphots, therefore, the sreater :
N . 2
Pagr e 40 B i 00 g e proheilvi 11 ee® thady iR the grver channel the code A

we will note that the nrobabilite of incorielt recention of anv r svrholg
of n Follows o RNinomial distributi on iwhooh o is o o distinguishing Yeature of

i : .o n-r
1 copstant svremetrical chanrel) and i< cqual to P orrY = 0 p ) .
n n

Mis function Pas g maximum wben o> onn,
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3 combination A\ wiltl become Boin decoding with correction ot errers hased on
2 the criterion ot waxvimal Hibelihood, |
5 Incconstructinge o correctiog codo 1t e, of course, destrable 1o ?
3 choose permissible ende combinatione «o that the Hamming drstances between
N therm are as preat as pos<ible,  Ter the mmingy disrance hetween tuo voer
3 miscsible code combinations he ' ther the error detectine device wili
' min
% detect anv erroncously receive b code combiinatiens pn v the nagmbey
3 crroncously received svmbole Joes not oxeeed d AR VU X TOPE I O T T
: - :
B
3 cymhols in the received code combongs o are ecrroneous, 10 carrany tistanc ]
2 from the transmitted combinations ie, 0 detynitron, o "hereVore when 3
: r dooo-1, the received code combiin s T sannat Beoone of thie nermic g e 3
3 - min
3 ones, f
g.' S 9 . . . X
3 I d o is an odd nunber the ¢ v ocorrecting levice vl ocorrect ;
¢ min E
k: Jecode all received code combinations on condition that the numher o cpyo- 3
4 neouslv received symbols (or the so-called multiplicity of the erpores Jdoes
L sSield (dmi \'” 2oooActual v, when the number of erronecus!v o received ;
i {
1 svmbols r (d 'ra-l V2 othe Hamming Jiscarce hetween the received copbings for
i — H "
and any of the serrissible cort it v feveent the one actua iy transeytee B
b rav, nccprdin: ta 10 R2Y, e b ek ot o d D cr o0 1] . o
4 ‘ min - i !
erroncous decoding Joes ot occur, Wree L ie even qroos mosst e, o 4
il k
miv he easily o ascertaine!, o correct 0l errore g mplegnle crre nae o e
f ceeding (d 0 2071 and alse at the came e te Jetert orvore of el E
: min
: plicity b 0 2 sonce, venecrallv o wveabany, an the latter cose there sy by
h : mih
‘ twe or severdal permiscible combhipatiore o the sare distance Tram o she e [
? ceived one. Correction of all errors of ruitinlreity mot o eaceeding !
: 5 'n“l"3 and a cortain prohability of correction of errvore of multivlice
mi
oo mav aleo Boeonrovided,
min
2 Theretore, the tash of constructine o correcting code reduces to the
; choise of N n-digt combimtions b o mxdmur secsaibbe distance of ]
) -
J min
, In this connection 4 gquestion arises gs o the pregtest possihle -
vidue of d 0 wirh pven N oand o0 o et the greatest pessibhleoc g lne o0 :
min ; !
Sowith given noand d ,ohere Do eyt ow nowhich vielde in
b A
! min
Y answer o this question, how ver, *hepre are sever FOWE wave of ety ipg, .
p We will present without croot ftue o she most important estimitions ;
5 which pertain to hinarv correcting codes or 2 Ye Hamminge [1°] <howed, 1
3 for anv binaryv code
4 4
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Y 3
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; Fhose codes tor which o (2003 there i emality are colled densely ot ed,
] Viony with primary codes there are bnown severasl dencely pnocled corvecting
codes, for example, the code consistinge of the rwo combinations o0 gy,
111, for which N J.on Sy Sl R
) N v
nothe ecther hand B0 R0 Vaprchamor <howed T that with arv onoan
. ob there are codes o which
‘ v
& ol
W,
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s
e tash o sonstractine an oot Yar ocopst nt o svmmert oy
Sonne ]y code having, with piven non!? , the preatecs noset e v 8
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1 With an increase in n the Lanltace Tunction Fo-2ont ranidle mproac

sere, Theretore, for anv positive and ., 0t

such that with a probability groater than -

ceopossibte to Yind o anon
the Hamminge distance betveen

any i of rondom v celected code corbirations will he (reater than

LU W 3t

- he Jiecussin opesepted vields only o a o gualitative confirmetion of t
1 i~ o randor selection when i< vosaibhle with g prohvhilote Towe co
:

sttt ot e Taree tameinge dietance Detween permicaible code ol e

rens,  Yor this purposs io acder o deterrine

the rate of trarspiseion of

intormation in randor codine we vill evaluate the orobabilitey oF incorrect
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. But the ratio r/n is tess than p + - wirh o probability of 1-., we wa )l _
designate p + = p*, Then with a vrebability of 1-: g
: i
¥ | Wt V pin . P (1 poye v oTQ
R ARCYTROY Y (- pn & 2L038) '
, 3
: Wy of these b ocombinations can be permissible with a nrobabilite of 4
1 'BI oy . . . ¢

Yy and the probability that nov one of the L ocombinations {excent or-

] Bination v which was Enown beforchand) does not hoelong to those pepmipaat b
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3 Mas, the vrobabilitey Qin) of correct decoding of o received copbinatios y
¢ Poevahwited by the following expres<ion: t
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Specifically, this wili he true if N, = ﬁ—.d - Considering that

with a sutficiently Yarge n the mapnitude « may be as small as desired and
the magnitude C* a< close as desired to €, it can be aszserted that with a
randomly sclected code the provalality of correct decoding of a received
combination is as close as de<irved to unity (for a sufficientlyv laree ny if
the number of permissible combinations is

AR Oy (2.5

Finally, we will determine the rate of information transmission with
such coding. Since the probability of correct decoding is as close as de-
sired to unity, the amount of information transmitted over a channel i«
cqual to the entropy of the code combination, 1 all the permissible com-
hinations are selected indenendentIv and ecauiprobabily, the entropy of o
code combination is equal to loy AP and the entropy for cach transmitted
symhol s

R | ,
AR B 1Y C20n)

It “ollows, that the rate of information transrmission i«
i

ooty elin Loar v
' ' v
or, substituting (2,J45)
P I o
(on'y UG A
n 4

With an increaze in v the <econ! rerm apnroaches zero, + e, the rote
ot intformation transmiccion can be as cloer ge decired te the carrving
Sawagity ¢ the gharmgd, -

Mnderstandablyv, with *he deseribed random seiection oF coade there s
a certain arehabi ity W selectian o "Madl cade, Vor exameleo . iroman
appen, althouph with verv slipht vreehabilitv, that two combinationsg o
Voard R will coincide with one anether o Ditfor in oeniv one e, With
transpiccion of corhination Vi vl Be o decoded ae Twith ppreat o naeeihi
ity, and vice versa, 10 thic occurs for ceveral patrs of combanations,
such a4 code will not provide for high Sidelisy in decodinge,

The nrobability of correct recention, evaluation of which j< given
m (2,43, is in es<ence 4 djoint probability o twe evente | e, che solec-
tion of 1 "gond” code and correct decodine using this eodel NV pore detasled
analvsic [9] leads to the following reenlt. Amone randomly selected codes
there are "good"” codes for wvhich the probability of incorrect deceding
P(nY - 1-0n), with « sufficienti Tarie n, M1lows the ineqguality

i T et
Poye 4 0 ,
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where \ is a certain coefticient which chanves slowly with an increase in n;
E(R) is a tfuncrion of the rate of infarmation transmission ® = v/n lop N

which is positive when P - ¢ and equal to zero when B =

"\

\s far as nrobability Pp of selectine a "had" code, for which R
does not hold, it also approaches zero with an increase in n oand much more
rapidly than the probability of incorrect decodine, Thus, if n is so <elected
as rto provide a sufficientiv small probability of incorrect decodineg (2,09)

a randomly selected n-dleit code will he pood with a nrabability of prac-

Rl ICSTH ( ICOR I

It would seem that the resulte obtained solve comletely the probler
of error-free transmission of information at o rate close to the corrving
capacity of o constant <vmmetrical hinary channel. However, practical use
of a purelv random code encounters obstacles which are insurmountable at
the nresent time, and, it seems, will remain insurmountahle for scores of
vears,  The fact is that storage in the rmemory of o decoder or encoder of gt
least all permissible combinations and commarison of them vith the received
comhipation is the onlv method of encoadineg and decodinge twhen ugine a randorm
codeY,  Rith values of nowhich nrovite for sufliciept Tv wmql ] probhabiliting
of incorrect decoding, the required site of merory great v eaceeds that
achicevahle by madern technolopey,

ft is for iust this reason tha parelv random coling has not found
aractical anplication and efforts of researchers have been Jdirected townrd
recular or semi-recular methode of coaling Yopr which it 1¢ poceibhle to
formulate certain rules for conversion of meseapes inty code cophinatiors
and aleo rules for Jdecoding with correction and Tetection of errors and
Alse tooconstruct, in accordance with these rulec, relaticely simple lopic

G s
2.6. Constant Symmetrical Channel, Reqgular Coding

The moct widespread amone repul o codog are cvatematical codecg,
nroblems in the copstruction of which are considere ' in the aleehraic
theary of codine using the mvaratus oV =aderr aleebrey (1117 171

Viavatematic n, b)Y oeode aronnts o tooaoset o0 e dieit code corbinatiors
of which b dieits fusuallv the firet ones’ repre<ent the resalt of nripare
coding of 1 mescage,  They are called informartion digits, The rerainire n-l
digits are formed in accordance with cerrain rules Srom the information
digits,  thev are called the chechbing  covrectine dieite and they <erve
the purpase of detecting and correcting errar<.  for exarple, the code
(.4 i< a coade in which a seven-»lement code copbhinatiom contine foaur
information svmbols,

In ather words, the process o7 opeading a mecgpe mav he imaeined ne

A osnccession of two nrocedures--C st encadinge inoa ouni farm bodipit non-
redundant code; and secord, as<ipning n-b o corrvective dipite formulate!
certain rules to each of the code corhinations,
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Fhe number of permissihle code combinations in a svstematic code s #
“i) Sowh s rrom this rhe code redundaney mav he easily determined: g
] o 4
] f, & |l = ,a”{}{) l r U : " 3 AR E
:' 3
ﬁ the correcting sumboos are formed by Tinear operations, determinedt i
' over o tinite Tield aod aroducible over the information svrhels In the i
’- porricubar coee wher is oo oprime these operstions gre conegre ot owith oo ‘
i ge S e & o L T TR T L ST S L L AR IR U S AL A PO I T R LT ;
1 Voond Boare oo ted comoarable modulo e Twritten N ol mr i barh oo ‘j
3 thece numbers vive Y came remainder vhen divided beomo Tor exomn e ]
: - Il dpod 37 »p 8 Coqrod T o forr carprecting svrbols ceortarn in ;
1 formition svmhols (reoresented by the numbers from o to m-10 are added ;
( modulo m. This means that after arithretic addition o these nurbers their :
] sum is replaced b the feast whole non-nepative numhber comnarable to this i
: s modulo m oror the "least prerainder modulo m'i Thare . Yo exame e, 1
] IR 0 imod 3, *
BLE I (mod 30, ;
IR nofpod M, ete,
¢ I+ ix abvious har these orerations produce ne vers ocop a0 mo| [
; which mav represent cospection wvehols T By apnponriate <election of the
oatitions for Carping the correctin, svmbole we pae ocon trnet o codde with g 4
given minirun anming fi<rance 3o i
min
] Wichour soine into the des il e of the theoarv Y carvecring codes, ;
1 which i< very thorauehly set Corth o g monopr oy [1DT 0 we 0D eive an F
” oxampls ot constructinge code T wbep e D0 v the Jegipe e o chows ]
: four Jivite of rhe code comt oo e oo aceupied by ointormation sombhale ]
F.; We will desionate time ST T e perainipge three Jdieita gpe occunied )
3 hy correction svrpbols, which we will denote hy l‘] AR T B artah Sl 5P i
g mavoadont values U0 sr U1 0 o he determined heothe coded messaee, The i
! syrhals booare determined by the caiations [
3 ! R
L\ (Il-* a, ;"I) : h, il ] f
3 a; f-a,-f ag i by 0 AP 1
E al.'{'ax { a, 5"") N ' j
1 ]
! where all addition i< madule 0 TVor exam le, it the information svrhols are ]
i o], the correcrion svpbols rast he 110, in this code dwin S, We o easih ;
satisty ourselves of thic i we note that reversing the value of one of the g
information svmhols results in valoe chaneve of at least two correction %

2

"We would note that in ecvervdav life we often emelov addition modulo
for 12) when figuring time.  Thus, if it i< now 19 o'clock, in ten hours it
Wil he S0 AMO O Acerually, 19+ 0 Sotmod Ddy
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A svmbols, while value reversal ot anv two inform tion <svphols feads to valae ]
3 change in at least one corrvection svmhol,  Theretfore, anv two permissible }
4 code combinations (i.e¢., these satisfving (2.50) ) ditfer from each other p
in no less than three digits, Hence 1t follove that emplovment of rhis
" code can detect an error if no more than two svmhols in g combination are
3 crroncously received or can correct an crror if one svmhol has been erro-
d neously o received, :
A g
~ Fhe received code combhinartion is checked to see whother de antietios
: the equations used tor forming the corvecting svepbola the varpose 0 §
] this overation being ta detect errors, 10 at least one of thesc couations 4
% is not satisfied the received combination te not o permicsible one and con- :
? sequent v oan error occurred in transmission, f
4 '
5 Frror correction must tale into consideration which ot the cauations
are not satistfied and be puided by special rules which are easily estab- §
lished for the specitic code. 1, for example, two couations of (2.50) we ]
true and one is unsatisticd, then one of the correction svphols must be p
erronenus v received and the received combination mav i

deemed to have heen

e decoded from the information svmhels without anv correction., 11 the
First two equations are not <atistfied, <vmbol a_ which i« comron to hoth,
Il

is liable to correction (changing 0" to "I'" or "7 to "0V The first and §
third cquations, if unsatisficd, subject svmbol Ay Te correction, 1 othe I

second and third cauations are mnsatisfied svmbol a0 i< 1o be corrected,

R ol B

combal L s Tiable ta

q
{
£

4
p-

Pinally, i all three cquations qre unsatistiod,

Coa

!

if twn or more svmbols of the code combination are

correctimn, Of course,
i \\'i]] ot 'V(‘ \“\1".'0‘%'?']'\‘ ‘(‘\‘ﬂ(i"",

erroncousy received that combinati

severiad aleehraice propertics of hipary svatematio

e il onow consae
COATTeCt Ing -

cader which peemit examining deta ] their detect e and

hilities.

\ hirary svstematic code containing a combination consisting of feroes
only forms an \belian group with prespect to the operation o Tipit module D,
' This means shat atter addine rodul symbole foomd in the saae gt enaces
' of two permissible code combinations, we obtain a combination which i< alse

I T o L T

R permissible.  Therefor:, such codes are also called eroun codes,

i

! A groun code may be uniaue v odeterrined byogrvine onlv botinear imde-

3 nendent combinations included in it,  They form o veneratine matrix O havin.

i

%
T In binary correcting codes these checls are called "parity checls™ since i
: . 3 . . . i
3 the exnression Ma 002y simply means that this sum i< an even number, 4
3 .
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Vorows oand v tamns, drocan be ovee b to construet ol remaining eode

E combinations, adding (hv divit podule 20 in patrs, by threes, by fours, et
3 rows ot L penercine ratria, Specifieally, by oadding anv o dine to itseld,

i we will obrain a zers combination (consjisring of n seroesi,

4 For the code eansidered above (7,0 the peneratine matrix can be
E written, tor example, in the tollowing Corm:

] Lonn o
. ol b
k. gao it
[N 1

. robe wprYicrent 1o have opveneratinge matriy in the momory of the on-

ine a device o Tietecheodieie aeation 1t is noseihle 1o

de combination, :

Praginoany o

SRl L R e

For Jdecding with dotection o correction of errors it i< soptfjcjent

2 Xy

oo hve in the mermory of the deceder o checlineg matrix B containinge n-

rons and nocolumns, o oeack Tine ofF this marrix onee gre Tonpnd for o those

k) . . . . . . 1 -
tetts which enrer irro the corpesvendiry checl iy conatiens (1,500 0 In

MRS

i oexample,

B R B TP PR PR R apte ot § haen mpgno ey X !h(\ ,.!\-\J,.:- :”-{
COR ot i e w b Gl Clesreas® Gy bl gl oo -

‘. Clomal il G n e tbepiep that L e apoportional teope Wevertheloes oo b

e O aperations o sh eagay b norformed or Jocodine with the corvregs.

l’..i ATyl gty rape v T 1y,

o e oy the copnlexite o0 the decoder inerenses

. 3 ol = e e
- ] Y - . ) . 1 i e o H C oy e ! . B 5 Y
= _Jloe G i O AR CE TSI (] <mqliers exronent thar o

S ok

dra o pandem codioye,

v whe et cpgmnm @l g e R et g Sas Lipen Jdovoeadl e g qepd
Pial e T hic rvpe of code e distine-
} : otk v cve e rearrangerent oF querbags et g permissibhle eade

i ree e hEm Tade g povermiesabhle combingrion, ib e Jiatinenishing
. cepture and <oy ergl g oehiraie pronerties ol eveLical coges males i
Sivier o girese e vt O veem T Sl wleen Vg s o [T 8 ed
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For several cvelical codes there mav he o relatively <omnle (falthoupn net
alwavs ontimal) procedure for Jdecoding which i called maiority or threchold

decoding 13,107,

\rony the cvelical codes whoch are intended for o copstant svmmetrical
channel the best are codes with oparticular aleebraic <tructure which are
called Ponz-Chodbhuri codes,  Yor anv
At oerrers divicibhle Bvoe o dL e, having d . =

whole s and ¢ there je g Rour-

Chodbhuri code which corrects
min
1 N 1 W 1t WW ' - . |
= 2t +« Y whenno = 2 - 1 oand - - st oroexammie, tor ¢ o= 6 oand
t = 3 we obtain a code with n - o3 1 Ty, and d T -
— mi

ot cvelical codes has made 1t nossihle to construct

The introduction :
encaders and decoders for noon rthe order of several tens in the correction
mimdreds in the detection of errors,  Such

of errors and on the order of
a rather high level of fidelity in

codes with varving redundancy vernmit
reception in actual channels.,  Nevertheless, in many cases it is desirable
te use even longer codes with o decader whose desien is as simple as pos-

Therefore, efforts to find new methods of constructing codes never

sihle,
e wde of the worl of B0 Callagher 72017 who

cease,  Here mention should
suggested n svstematic code, the construction of the cheel matrix for which
in one ot the <tages,  herefore <uch o code

contains a random selection
cannot he considered completel royular,  thanle 1o the Tact that the rows
md columns of the choct rarrix coptsin far fewer ones

lecadine,

code permits a relatively simple procedure in d

than reroes, thicg

Ixtremely promicing are the paclave codes for which o rethod of se-
quential decodine has been Joveloned [101,0 hev e by »ertain to random

les, however, in their copstruction there

5] i< 41 element of relarity

which perrite sirnlifvinge the »rocess o deceodips,

VI the codes which hive been Pecnseed above are booclh codes, There
dlao oxist continuous codes in which the ceaquence of the rranseitred svphals

carnet he cabdivided into hincte,
Fuvowav of oxamle we wili Jdescoribhe one of the precurrent eodes, called
tive dn 1ts exrrerely cirn]e perhode af
i

itonermite maiority decoding,

iy cede “-5,211. I+ i alictinet

eacoding and Jdecoding, specitieal
As already indicared, this code does not divide the code svpbol xe-
nlencoup inte separate code cortinatd

e, Carpection svrbols are included

i

af information svrmbale <o that bhetween evers two iptforpation
one correction evmhoal . Denoating as hetopre the infoar=qtion
Foowe obtain o oevmihol Cequenee

in the stream
cymbols rthere is
corhols by gl oand the correction svnmhode by

T

ababal,  ahig -

-5l

}

2

e A e e L T A e 1

el T SR T e €




FFre Seove Lo

e Yend e e

The intormation svrehole gre Jetermiped boe the cpapemis e b e
the correction symhals he the yollowing rube:
by an s pan, et :

where s s an arbitrary whole number called the code cten,

It is apparent that when =ome correction svmbol hoops neorrect b

S 1ol snrre by fan 03P wi T aeert B ool e gl o e smt semne

i = k.

1, however, information svebhal a0 i< incorrect povceived corpedi=n on
j
{2.51) will not he obhserved for rvo values of 1) namelv | P=-<-1 and
L= i+ s, VProm this it is ecasy o deduce the rule for correcting errorve in

decoding, correlation (2.51) is checked for overy l\L in the code sequen o
received. 11 it proves to he unfultfitled for the two values of ol .l} and

k= i

0 and mereover B l] = Mg+ 1, then intereation elepent o0
— - N

’ !
must he rentaced by the opposite one.,

The redundancy of such o cade i< obvioustyv 1 00 Tt permits coprecring
all incorrectly received signals it they coenr, sufficient v in freauent by

Thus, i s = 0, it vives correct decodine when bortween two incorvect v oo
ceived symbols there are no less than threee iand in some cases, twer e ot
received symbols fthis refers to bhoth tyvpes of svphni) o The raetors =iy

lating the choice of step < will bhe explained in Section M8,

oL, Coding in a Constant Symmetrical Trasure Thannel

In an erasure channel the svphol alvhaber used contains an extrg
mo+ D-th erasure symbol hesides the o transeitted sepbole s Inom o actuild

channel whose discrete prepreseptati o (< an erpsnre charned o v nhu s
obtain an arbitrarily small probabiliee of erroapeons sumbhosl oy e

TR e A o I T eI o T O T PO g ) 1 S BN i L ATEAVE NS
! A I

erisure pooo= ply! (S IS R ST @A A L~ ADMSIIGNtl' s SRRt S O I AR S i

. . Y“+] . i B
1 we disrvegsrd the probability o0 crr o nenne svrbed vees 0 e i

careving capacity =f @he ¢ ke S 1omas Te by eesse a0l e e e

PEBREBAMILL e [C3

Co v (e D RS h Hoe,

Here N{y'v'Y = p Hy), since when a symbhol ia correct ]y veceiso bothe
-

residual entropy of v is zero and whep o svrbol e erase D it cauals iprtiag!
entropy Hiv)Y, Therefore

b LIS R st g b e
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Phe <are correstsim codes o e aaed an vk St gy v ommetreag )
Shanne ! mav e used to restore erageed aomhnle ) T g qvatpr tie corpect ing
code with ranime imeing tictanee o0 ! P pmploved othen ey rece e !

N o
code combination with an crased svebol guantice of b S1omay e ey
== min

rectly decoded, I fact, the mnerased cvmbole which remaip in thic nrocess
Jitter anoat leasrt ane of rtheir Jdrpit o from o the corhale 0 athoy cappieagt
code o cormbinarions Tesides the one ety trapsrcted . D coapgras ) e deoe
Pated cases combinatione, the nurber ot eraced cvmbo e ywhoclh eveends
doo1 mav he correctly Jeended <ince even then such combinatons gre nose
min g

<thie when the symbole bept inoat teast one Jdivit dit¥er froae the svpbots
other permicssible combrinations, i o< gpparent, however, that these can
he no code which would correct anv receivel combinations with o numheyr of
crised symbhols b~ ('z"ir‘.
tance hetween permissible corbinations, there exi<t at least teo conhina-
tions ditrering by onlyv ']min Jipite, 1Y ane of these comhinatiapae i«

sransmi sfed and these digirg in it are erased shieh JiCTe ey iate T Crae

cooother combination, it will he vmpoee Ble onn Trae Tpgppebh chem cene aneh

el

[# dle gmgs afere the code el o0 T iloes wos peririd eosll i on e

more than d 0 -1 erased evpbols, o rhe prohab i lite a0 ine o eeecr Jdecading
min :

vhen oo Dy he apenpoximatels Gefined oo e prehat- T hite that of p
combote anv L o them are erase ' ot aree o Tiny the seahabi it thgr oy
il

sucho loprer number of avphols mae hee ergeeds

Loowill o nere that in the vse o codes with o preat Hamping Jdistance °
P o nossibde ta decode received cade copbinarions correct !y oeven in thohse

cases when along with the eras<ed conde wvephnls there aleo are incorrect v

DO

Lo Inactual fact, by detinition of the Harring lie-

1

received svmbols,  Tor this purpose it is s icient thut pot alwave necessary!

to meet the condition

0 Y owE Y
k,.!’l.,"/ o ), 5

whepre Boobe the narher of erased svmboe s ond Lo 1 the nurher of ipeorrect Iy

vrecetoed comboba in chee codde combhination,

Indeed, Tet b evphole focate! in cortain digite of a4 received combinag-

"
tron be erased, e will ebiminate these Jdigits an ol allowabhle code com-
hMinations,  Then we will obrain o new et of corbinatrons roodest in which

the minimal Hammine distance i« 71 S b L T apony the ernepd
min — min &

wmbals there are these received inoan amount not exceeding v _[)/2 in
m
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princisle correct decading e dbaaves poseih e e we shewp T e e
2

L. Ve Sollows tror this,

Hased on thie it j¢ possihle to use the first Yoo ayop patepepn by od

permits representing an actual charnel g o diserete crasare bannel o withoy
probabitioy o erasure, i not negiigib by wma by Iecihenra Iy, she tecntoey
svaterm inosuch 0 chomne] must o be o muach more comntex than i chonne ] b
anly erasure of symhole s in nractice possible,

2.9 Coding in Ysvmmetrica! Thannels and TP arnels with Memore,

Vevmretrical unitors channels are oo aritovele vare Tooer s ety e

aractice.,  This is not o surprisinge because Pine theory Por cheae chynne s
has heen only slivht Iy worted out . Vith neeeredur tant codine by eaxgeue
rate of information transeiscior ipop pop-caeeetrical channel oecurs wirh
nonunitorm distribution ot & oreori prohabilities vhen ase fs pestr e

made of those <ymbhols which are received more corprrect v,

Woe shall timit onrselves to o bricd descerintiop of an asvmmetricg

canstant channel. ler the two syphbole W el W10 bp opploviead, sl
Dy o= 0 v s i = s and prvt o= " vy F s he wil desipnare v
. : !
sl e ot L g e off Mege Sy ol b gty g P ET N A R e
covgtavalv, Hhon e fer nee auant Vs o ga e gl g Cemrat fon per syich |

1<
' vyy atecy Mo [Pyndi p) b
AP oa Pt gy el p ) [y ;

Syt e D e I )
i
Sl paledd gy e b !
: \ B
AP lerp g el Spptaal o py 2o
Differentiating thic expres<ion over P01 with preeard to el = b - o
and settine the derivative conal o zero, we mav tind the fmum o vrriord
symbel probabitity distributions which provide the moxirae 7 transmictable
intormecion.,  Fhe onrimae value o0 ooy proves 1o be
, | | N
P )
o U J . 1 \ T AN T
P o j
\ S .
where
A plegpy Sl el p
/’x l|-'_:/yl ol /’|l|¢'l:[| /”I\.
Jinding P pr(“‘ md cahstituting it in U0 we mav g the e
(&)
amount of information tran<sirtable g0 this oF mnel |‘ v, and s ey
. o PR LA
capacity o= ] v,
HHB
8-
e 1 3 b 1a5t s




- 7 faks pe i L b = o 4
n the particular case of a syvmmetrical channe = n e value of
In the ‘ticula 1 f ) t bt 11, ol !
v 1 -
A s zere and the optimum value of P(0O), as was to he expected, i< 005,
1 imiting casce, where one of the svmbols, " oroinstance, i
In the limiting , wi f Nl hols, "1™ t
alwavs correctly received (p] = 01, while the other symbhol 70" mav be
received as "' with probability p |, exnression (2,560 is simnlified
' P 0" :
é ();‘l( J r.
1 [N Rl 5 (o 3T
! I .
\ 7.y,
] Let us note that in this case the symbol 1" is the "reliable' trans-
: mitted symbol since it is alwavs received correctly,  The "certain' received
A symbol, however, is "0" since when it s received it can be asserted with
1 complete certainty that it was just thi< svmbol which wias transmitted,
" In the particular case where P Noand py o= 0058 the ontimum svmbol
&

probability distribution is PO = 0.0 and V(1) = 0.6, The carrving cavae:
ot such a channel is N.322v bits/scc. let us ohserve that this carrving
capacity is considerably higher than that of s svmmetrical channel with the
same average crror probability (p] = Py = 025, where 1T iS 01906 WiEs, s6d.

The carrving capacity of a hinarv asvmmetric channel i< zero when

I o g = 1. 'n this case the received svmbols contain no intformatien ot

all about the transmitted symhols because the a4 rosteriori ani o vriori
probabilities of the "0 and "1 evmbhols coincide.

Fftficient error-correcting-and-dotecting codes {1a] may be used in an

i as:mmetrical channel in which PLE i R HE MO 4 that By s SRS =

b - 3

% tically disregarded). The theory of these codes has, PTowever, been tittle

3 eclaborated and differs essentially from the theory of coding in svemetr:oo!

3 channels., Tor example, a code consisting of the two code combinations v on!

11 allows one error to be corrected (change of 0" inte 1" i 1t is
stipulated that the received code combinations 01 and 0 be decoded as

2 At the same time a code consisting of the combinations 01 and 10 ao nor
A afford the possibility of correcting the error, but cniv ot detecring it
2 although both of these codes are characterized by the sume Hamming Jistanc
k: of 2, Let us note that in a svmmetricul vhanne!l bhoth of these codes per
3 mit only detection of a single error,
;
- Of considerably more practical interest are nonconstant channels or
4 channels with memory. Included in them are most channeles which are found
% in communications equipment., Symmetrical channels with memory dirrer Frop
: svmmetrical constant channcls in that the distribution of the napher of
[ errors over the length of a certain block of symhols with anv length noJoes
'ﬁ not alwavs follow a hinomial distribution. If in a constant channel the
3 -lg= -
k!
i
:

s b s s i “LM"‘H‘(.,J 2l
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Valaoy ot gncerrecr recention of the g e 1vath svrhao]

vy 11:1 o] 'l"l i
! nhpraen o rthar the bk eyt nl Pl e e ed ncarrect iy, s canmlote
o9 oAy gt g bbb ooy
;r((‘ll] i M s
e vochanpe!l with cermery ot may e preater or lese than thrs maenitwde,

There are e eral reasars for the deviation of error Jdistribution
Thue, a channel with memory preves

trom the binomi ol 1o acturl chanrels,
radio channels, usualiv hecause

toohe o eerete rerresentation of mogt
fadine whaoeh occnrs and this will be considered in Chapnter Vv,
‘nother redason may he armospherie and mutnal interference,  Sometimes Jde-
viatiop tfrom o binemoal distribution s caused by peculiarities in the
methode used tor rodulation and demodulation, In multinlexed cable com-
minication lines rhe presence of commutation interference, which occurs
wiren switching <epara-e elements of the channel and, in essence, tempo-
rarilyv putting the channel out of order, is usually considered to he the

e of Uremory,

i H‘!‘

Studving channels with merery, develoning correcting cades for them,
el osvqluating their eftfectiveness ¢ made difficult by the fact that to
i< insufrvicient to know one narameter (such as

deseribe such a channel it
ar this nur-

the orohahility oF error in a constant svametrical channel).
nose 1t is necessary ro be able to define the nrobabilities of anv combi-
nations of crrors within the lirits of a block of anv leneth n. tor the
surpose o obtaining such data, resort jis had to experimentai research

inte carious actual channels,  flowever, peneralization of the experimentil
results obtained is made ditf'ticult by the fact that it is not alwave
poseihle to select a convenient analvtical representation and, furthermore,
dittorent channels behave differently.  Therefore, rescarchers are trving
to construct mathematical models of a discrete channel with memory which
will he determined by only a small numher of parameters, an anproximate
selection of which would at least permit, in general terms, describing the

hehavior af acrual channels,

We will tate note first of all of the nrincival peculiarities in
accerdance with which it
chunnels encountered in practice satisfyv the conditiop

(1.5

plidriy =p

in comparicon with a constant channel, in such a channel

This means that,
inequality (2.5%)

errors have a tendency to group., With an increasc in r,
usually approaches an equality,  Such channels will
error grouping.

In most channels with error groupine n(i + r'i) - (m - 1}/m and,
specifically, in a binary channel p(i + r'i) 1/2.  Such channels can he
called normal channels with error grouping in distinction from anomolous
channels in which pfi «+ r'i) can exceed (m - 1}/m.

- 86-

is possible to classifyv channels with memorv., Most

he called channels with
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Channels with dispersed errors i which

Py (.59

are encountered much more intrequenrlv,  An o examnle is provided by oo
Jhannel  n which impulse interference is the cause of error 14 each inpulse
destrovs only one svrhol and the <onrce of interference has the proverty
that the nrabability of occurrence of the follovineg ampulse immediately
followinge a1 preceding one i< very semall and increases with rime,

here also mav be chonmelz with memory tor vhich with <ome values of
PoSLaRY) holds and for other valhes (2.50) holds,  Thus, if (7.5%) s
pot with odd roand (2.5 with even v, there is o tendencey toward doubline
of errors in the channel.,  \n examnle of such a channel wiltl he precented
SR

VI bnown sathematical models of channetls with memoersy arve consructed
almost exclusively tfor the descerintion of normal channels< with error grouning,
VMarbov model ts o the simnlest model of a0 channe! with memory in that it
represents sequences ot errors in the forp of a4 simple “harbov chain 1070,
In thic cage the peobability that o piven svmbol will be received incorrectly
is oqual to g certain maenitule Ny i the precedineg svrhol was roceived

corrvect v, and caual to a certain other maynitude py 17 the nrecedineg <ipnsd

wias received incorrectiy,

When - n] a Marbov eode! 1 oa normal chanmel with error prouping
and when g ‘-‘] it orepresents oo channel with dispersed oreors, The ap
condirional (average) pronahility of crror noin such a channe! rust sat sty
the eaquation

poppst Ul
wherce

AT R

With such o model it is exceedinel simple to calenlate rthe npababh i ity o
amv o combination of cr-ors and eacily evaluate the effectivencas of anv codde,
Imfortunate ]y, thic poadel only very roughly reproduces the proversjes of
actual channels with orror grouping,  ‘heretfore, it is not nsea ot the

pre<ent time,

Attemprs to describe a channel by using a Markov chain o g hivher
order (i.e,, to consider that the prebability of incorrect recention of o
symbol i< determined unambhiguonslyv by how the precedineg Tosvmbals were re-
ceived) have not met with success either.  With a small bFosnch b medel
agrees with experiments very poorly and with o Tarpe o0t i< inconenient
for purposes of calculation,

The Cilhert model (or more exact v, the Dohiltherty 1237 bge beep

nsed somewhat moare successifullve In ccordance with this wdel o channe!

RS
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mav e in two states, S ooond S0 In ostate <l there are no errovs and in

! ¥
state S, errore occur independently with o probability of n . The nro-
hability of an w-shift (in transmission of the next svmboly frop ite Ql
to state S, and the probabidity of a --<hift from ¢ to <] are Fnrown,
Thus, here, not a sequence of errors hut a sequence of states foems o
simple Yarkov chain.

The preobabilities of existence of a channel in states “] and S
canoeasihy o be computed and are couwal to
f
PI d i
t P
a
P
and the unconditional probability of error is
a
P po—s
at3
Most frequently in using a Gilhert model for a Iinary channel
n.o= 12 b= oassumed. In other words, state S, is considered as o ocomplete

break in communication while in state ql there ts no noise in the choarnel,

This agrees rather well with Idess aboutr o channel in which onlv commutatione

interference i< fFound.

Fhe Rennet-¥roelich medel js more general but less convenient in
making caleuta-jons (247, In accerdance with this model errors occur in
the form of more ¢ Jess lopp-lastine surepes or packets,  Pvopgeler is
understood o seaquence of «iynals in which the firsr and lacr are received
correctly oand between them theve mov be svmbols which are receive! either

correctlv or incorrectlv, !t i< assumed that packers occur independentlv
A one another with o crebability of o, Besides this probabidiov thig
el i characterized Yo nre” cei it T s Do errers withie oo aaeler

nd g diereiburion ot st probhahilities of Teneth rnarher of svmbals

o opacket 70 Be celectinge the vialues o o md o nLoand also of the Yogpm
- LA
A othe functioy DL gt 0 e o mamy cases rescihle to o hrain g Jdeserintion
o channe ! Lpreerny with oeaveriventyl reerits, Computatiop oF the opoe

Wabalitics of various combhingriope o f ervore and the result o their cor-
rection by correctine codes o oaccordance with oo Bennet-iooelict model de

1

vithey s eolex and e el e et ced by omodetine in Jdieital commuters,

Wee wij ] note thar the concert of g packetr of errors Jdoec not coinceide

SEEh the coneent At etate S p oo nilhert madel. State S, ee irothe coge

Coporiichet) is chiracterited bvoa non-zere probahility ot error o, bhut

in distinstion from o packetr the condition that state S, begin and end wish

incorrect v received svmhols fe not stinulated,
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A RBennet-l'roelich model 1« more {lexible than a Cilbert modet since it
nermits a vervy wide selection of function pibd on which onlv the usual con-
dition of standardization is imnosed <since in o Cilbert model the distri-
hution of probahilities of the duration of state S

the formula p(l.)) = :(]-!)L7'1

5 b oalwavs expressed by

, i.e,, the mapmitude of ts uniguelyv deter-

mined, Nevertheless, for manv experimental research channels it s not
possible to select the parameters of a Bennet-Froelich model satistuctorily,
Ihis s especially true of o Citbert model.  In view of this, 0, ' Ponov
sugpested [25] a more complex model of o diccrete channe! Jiffering “rom o
Pennet-Yroetich model in that nackets of errors are considered toe be nor
independent.  Tr accordance with this model a1 channel can have two ctares

in the first of which errors do not occur and in the second of which, ~irh

¢ certain probabit tv, packets of errors Jdo ocenr. The nrobabilitioes oF
shitt from one state to the other, the nrobability of cecurrence of o paclet
in the second state, the probability of an error within a pacter twhich is
usually equal to 0.5), and the distribution of probahilitices of nacket
length are the parameters.  In most coses it 18 possibie to describe acrual
chinels sutficient!ly well with these narvameters,

An attempt to describe a4 binarv channel with error grouring using oniv

two parameiers, i,e., the probability of crror o oand rhe greuning indicator

h:s been made in [371. VFor chis purrosc the conditions] mathematical ex-
nectation 1rfﬂ\ of the numher of errors in a hiock of lenpgth noon condition
that no less than r errors have occurred is considered., The mapnitude of
ving o= L oin)nowith po L accordimg to experiments which have been con-

v

Jucted, is approximited sufficient!lv well for <everal channele by the e

nirical expressions

PN Y RPN
A, (1) .("> with -G R

v (m with 7 -l

n

where «o1r o parameter which depends on the characteristice of the chanroid,

Por constant channels « = 0, The more the errors are groauped, the yreatoer
is o, When = 1 the errovs follow in a4 continuous strear, e will note
that v(nd = poaccording to defirition, Ynowine v oand « it is pessible to

saleulate the probabilitics f o ditferent rurher of cerrors in blechs of
inv lenpth withour giving any thought *o the mechanism causing the vrouping,

VIl desceribed models o o diserete channel with menory ave alse in
varge measure formal.  I'n the construction of them no atiention s paid
the causes of error greuping and a probability svstem is simplye selected
which must describe observed tacts., It is true that for several molele,
far examnie, the Repter-Vreoelich, oo Uphvejcenl fice' i mentioned to show
rhat onlv copputatiop interforer e or <urve. of impulse interference,

ceurring independently fin the Fopov modol dependent v of one inother
and more or less destroving a long segment of o <signal, is the source of
error.  Put these models are used, and rather successfully, also for
channels in which it is known that other tvpes of interterence exist [J3d71,

=0

[%

BNt

Eregedeste.

fozm o

ot S R A

P

!
i




SN CALE AL DR A oo S sl b i glabadi A D g el gl Wllicud n b foon Bt o g o ol U

£
3
:
‘ Lately attention has been devoted te the construction of phvsical s
j models in distinction from tormal mathematical pradels of discrete channels. -
. In these modets a discrete channel is viewed as @ reflection of a continuons :
: channel and the distribution of errors is deduced from the probahility :
; properties of tne <ignal and the interference in a continuons channel, Tor 3
1 examntle, V. 1. Korzhik [26] viewed the distribution of errors< in o channel g
: with tluctuation interference when the signal is cubiec ed to relav fading ;
i (see Chapter VY. We witl learn about some of these modelts in subsequent ;
3 chapters, ?
A
Caleulation of the carrving capacity of various model< of o discrete é
; channel with memory is a complex process, 1t ig solved in [°3) for a #
¢ Ciibert model,  Incidentatly, in that case whoen the states of g choannel -
; change very rarely, it i< pessihle to determine the carrving capacity very 3
A approximately by Ipowing the carrvine capacity of constant channels corres ]
somding to these states,  Vor example, we will consider o generalization ot i
A Cidbert me el assuming that the channel mav he 1. tate *l with o nro- 3
¢
habiliry ar erpror of Wy and in ostate Sowith o probability of error of o ?
3 coowhick the probhibiiities of - and -shitfts from one <tate to the other ﬁ
¢ are very el oas o consequence of which the states chanee rarelyv, he will 3
stinulate that py -
] the carrving canacity of such « chunnel miav he annroxirate v deters :
! mined by averaZing ol "partial®” cavrvine carmoitics with petpnor te aates 3
] Cand S c {
5 ¢ PPy > il
d :
3 vhere ?'I td By alme the Pospest ivp peebalill it fes o8 eraites o 113 imn.! i
| od L are the carrvipg capacities o svmmervical chanmeds wreh opres !
rrababiilitjes ) and b 4
}

It *he srate o the charne! vere Ypown 9 everv roment o hotn cor-

.
sttt e cot el e

e

respandents formula (2,61) woul i then beoexact and each
code adarted roothe picen alue of the arror probo-

st

use its own corvecting
Biliev,  Par othar wonld require thar information, fram whooh the channed
mdeed, would hgve to come to rthe tranerate e Frap the re-

ase will be examined in o hamter MV ]

stiare could be
cediving Jdevice,  Thia

It 15 ohvious shat it wonid serve o purnoce 1o ave ooosde legrpnge!
for a constant syvrrerrical channe! with erpor nrobaghdlisv o conald
average errar probabhidity in g channel with remarpy i

“See Pemarl 3 to Chanter 11,
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Indecd, et an n-digit correcting code for b oerrors in a code convination
bhe used, I E - np in a constant channel, then the probabitit. that there
av

will he more than b oerroncously received svmbols in o code combingtion mav
boe very saall. This type of cede gives a very high received meseape
fidelity in a constant channel, PBuat in the channel under investigation thiv

cade, it is larger than o hut smaller than np, does not provide

videl ity since the combinations which are transpitted under the nooarer g
Mrions fin ostate SOY will with preat probabilicy be o peceived with o nopher

A errors which s move tean by, oand will (Bervetore not b corrected, < iy
<ame time the combinations which are rranspitted in o< oe '] will yene el
have meen substantially fewer than boincerrecsriv received sepd R

= . nle and far them the correoctive capacicy F he code ve et o ey

sreat, e, the code has extremely high redandancy . In crbher o T
thouph the averave number of orpors in g code corbination i~ pe 0 thee

crrors are nomunitormle Jistribuced and appear mest Ctter in nacher< when
the channel i in state ©

It would, of course, i thic coaoe e noaaible o e a0 o v oo oo
Jecsipned for the worst conditions (<tate Y0 ! gt o the ot oo redae Ter
ooy, el Inotranseicsion of intormaties) sccure the o roanires o e
at Yor state <] such redundarcyv o would beoenceesivelc prear - VRSN
theo usable channel carrvinge canagcity jw ve hieed cecanty ol 1y 0 0 thy
carevive capacity under the worss condicior<, Chico morhed o codinge s
choperore exrrerely Tlapduantaceous, i eame cases oLy, oD ma i corey
meosnt e By orewlecs ipn Seege e tesn Ceng N Sme® cpdran LS e e ¥ Rk i
PRle qinee Jn o« gte S b sarvrvgege e tv b meqdipee Tt e 1
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o VISl e wvstanle g e b whaganest BWietacip s perpric e} will filen e ocore ;
rect iy et cred) bur gt che porent ob U inta post ove one svphie? il 3
Yo qacaprregs iy resyorod . Thag, evgry gage e chenine ! Jmgees trem ) ene .
{ cate into the arher one ot the craneritted avnboic Wil he received with

2 ersnn, e resnlt is thar the recoding emploved tronstorms this Marlovianm

hyps methol witl be oxarined more detar!l i Cection J.6), :
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charne! into 1 unitorm hannel with an erro s preobabypiore of o PR EORT T f
1 o

recention fidelity may be oheaine? in this channed 0 o sipele-errer
correctinge code is used e the inrtial encoding of the messape into the i
symbhols o, 3
: 3 :
It <honld be observed that 117, instesd of the channel descrrhed, we ;
exiamine o nmore comriex channe! (and one closer to o ropresentation of o 3
real chinnel with vhase medulation? which has aleny with probahility o 4
Woshi e from one state into the other gnothey neatabibite ol oo prpane s :
l g
recention of a svmbol withont chaneipe channel state ) then the deseribed :
method of recodine will have ae fts result that tee cncceasive svrhols b !
be incorrect v restored with probabitite x\; Lo Vel i svmbie ] Bt i
" ,
'\ + 1 mod 2 s peceived dastend of sephol hooand the Yollowing evmbole 4
r ‘ 4

are received correcrlv, then when restoring syvimhols oW will o obhtain

{l" {', E 1‘ 1 (1 ; ll:' ! ‘.

(',’ . IV" | ' /,v' T "l i, i

':

. , o , 3

G / :",'Il Ih o . J

i

ot

In order to veovide Bich rocepntion Cidelirv in thic oove we st pmpelov 2

a code which corrects error soactero twe drgit< in Jeneth when compifing

rhe svmbol <oquence S 27, {
To dllustrate o channel which Qs por svemetrical vt sesmetrical on &

the averaye let us cite a discrete rerresentation of an oac ual channel with ;

freavency modulation (WY and norow-hand interference which miv enter A
the compression channel, the release channel, or not enter the sasshand of

e recerving device gt oatt, e channetl Fas three states,  In o state ¥ ;

the channet! 1< svmmetrics] and the error peohbitiey Te o0 10 e qtgte © 4
) y .

l1i

the nrobabhit ity ni0 10 that sembol 707wl e received fos rapamrtted
syrbal "1 e neeligibly osmall, but the probabgliey pel 9% o receivine U1

when "0 wae spansmirted jeos 00 0 fn s*tate S0 on the cortrary, proba-
a . ¥ e
hitity vl 0% mav be dicreearded and provabitice o 0o D nL,.o oS orpa-
. i
rent that the received code sequence s ir o such o channel will contain bunches
of one-<ided errors, ecither replacements of ceros by ones or of ones by zeros, 1
Fhe probabhility that in a sipele code comhination o <yphol "0 will he re-
ceived as 17 oand g oevmbol U1 g 0T (the tvpe of error that teleprarhers
coll "ehift errore™ is very small,  In e, in state Ql the probability of {
3
§
two errors in o code combination which i not very tone s seneral by small i

stnce o 1, while in scates <5, and ~L <hift errore qre oracos ol v fmnossible,

I . 3
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3 LS LRTORNCE, L S RSERs ' v et 1Y one ignores nurely
. technotseg ol e o : agml e b oty fidetity and the

v SMOTIINE eyl g CRg e e s o Cloe v aetectine oocode <l

vemiins oy e

e a, o ’ o e We willl firet note

3 BIEEU SR SRR EORCIOL R g o s careaperaphs, it is impos-

? <ihle to compape o0 spew o 0 e E e el gty ristics of the channel .
g e i e S (e BERE ‘ = coinme that the characreristics

: Sl AT Ay Ze - [ e oot of g ocode determines

3 TR iRl e R i . 3 SR I Snnel is used, ard, on
] AR | O o JAC . . oo e bdecoded messape,

d " Ldeo B " : C *hoshege aspecsts of aocor-
3 S s LR el 9 g : soocheorate of inforratrion
f e Ele st gy o e s . Soonch g it is asgsaciated :
K iR B AR LR ' : *heoprobabitities of coreect :
: R iy [ S , k coctie direction does not jead y:
1 b Uh e g o ® o : “ootorhat the applicarvion of 4
i 1§12 R al s Fy =° : S e eemarion transmission over :
ot Pl B0 | |D o an b . i
5 TR R = L : ' 0 cenme that g onrimary code ;
v SR e o intormation transmission 3
3 VoA e 0T dietributinon of the ;
r Sl B Goc i : . o oeetreical channel with oan ;
p 3 s i o vt rieal o channel with vhe 4
3 S=CARE It L TR : : : ww e ] it By def et isn e $
Q B ' : ceocemgpaeion with ae higee y
3 i Ti lape not exceed the ,
3 eal code which ananr < |
? “ave caual to the corrving ]
1 - A : 205 O : Coc i inotransmissior riate /
K ' e : e cb ar ass in o rate i i
; o ad} 2 : : ‘ Ceeettoat s coding Mot |
. ) i o coding as discussed :

moerned, for them always
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et R o rate attainable with nri-
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A i ‘e 5 91 ° o e farmation transmission,

P T £ 0 3 o s

3 SR 3 ) ‘ ] fnocomparison with the f
5 LI R ‘ ioaorule, this loss g« Y
0 5o S 5 4

;| 4
R T ' o b aseful analoey with s
1 O P a . cocrnalopical procese will '1
.l (‘
‘ -
L

1

i :




b s e e e i PR S i e R i

o

erable us to obhrgin move aet !l the ot a0 kg e

Vv actuial vrocess war bt o Tewd ra o o g90 0gxe8 0" " :

AT int, the et ety it it g mogp bie e e e L [ P {

(S SR T T A S S R AL ] . . . TR . o gyt . PR
, canite ekl g e ey o ot i B0 92 O Y R T
X S PN ‘ e, e 50 110 !
In s tee ot - . P ' 0 5 aod =T ok . . .

Pros gt e e G Mo aze . 5 o oo O . e .
{ !' o, t 5 ' i ' .
: H . T .

. [
i F ' )
y g e )
f
G - - o 0O ) 5 e

Moo § @ .-,.I;.~l . Ve . . . . .

1 .
PRy 0 * ! . . .
i
.
b P aeemige™ e i kDt i - Lo oh e




i e O as da sl athin et Ak e s ot b s e M S S g ket T e e ———

I
. .lhll .q-"‘ | L R LA ‘.,,, oy l.._I. t“' Nt re e q o [
v rned o e cote Combange v gt g T e e ol cap el W) .
S N I R ST IR I 1 B Mercetore, the drobabiirty that the aessave ]
oy T e i R il Tl (o S S el Lo {
RS T T P N P N BT RN IEIE RPN SN PTG ‘ ‘
., [ mhog ey . DRI ] . g el . Pt \l' vl.”‘ [N oy, i a I.
J
.
Ceve e = , .o ) . gy o .
X . th, “ oy II . . oy . . ) . a i i R . v,
] . ]
. . Vo " L . e ) = . . . .,
r e - AR H 0 =5e0 O , P Vg . . - v .
. e, 3 L " et ‘- Lo e, o ) o .
3 . . . . . N e . - e , e . . . ',
3
1 . . - . . . . . .
\
. .. . . b PR . P o O . . .
.. o Y 0 . . e . ) .
. . 5 . . . o te . o d o ,
. 5 . g 50 .
- o . . .
0 . .
}
?
Y
{
1
1
1




Gl s RN ey U SAR Uit G el RSN e el b e oo e i

i
: ;
' i
[his seeming contr.. - e ! v }
the second code uncorrectes oo , e el T LA T 4
first. therefore, altbhoaeh oo : : SO [T o y
corrected error is greater o8 ‘ : ' TENNTIR
‘ S oavoidine the formation o d ' s S5 L R N U
; e will turther note thar i Co
1 Jdeended incorrectly W : ' :
contiin J-5 incorrectlv e o : g i
; the nurber of incorved’ .
' we oo conclude thar o -
s hetteor to o use the o to
] 1Ll o errore gre cauatly oo :
. Yeoann bl note thae .
errces are equally jmreen
codde eretore, i
3 e o nerther the nrobabi b ‘ a @ '
the crobhahilite af an o
SAsteTs s we ave <eet
oorhe areceding
g Sessaye o contaimn
celecte b ertirely ark v : t
3 ol G S et
/ C eger v counderstant e
LaEee g st crrorpetired
LI 1 .‘\.r(“c(‘ . e ' - e »
B Covde camhigagrt e
U PR R
T . i\. - f .
e 2 e
- I* fe y2ayss .
L ;R l-o-i

< cer ey et
T a ¢ Ploln g R
aaster * mrae e o

vuartes an e considers
cte 4 rr ve determes

T Ye irce ~f 3 dav an
- ever., AR O
Ja o B o the L.




$ rdriinpaidieio o S b e AR SR e S i B e o TR e S T S S

T

-‘_'.
; :
i1
!
aimest all applications thrs compunicatiov o svesten can te AU " ¢
less,  We will note that thers are no obeiacsles ip wegpede 0o ob 0
) achioving the indicated degree of Yidelise 700 the corpve o camge e yorg
: alvamme ] is s cTent) k] e gechmedig bead mer sl s e 1 ety
3 2 e O R AN R RSN R A A Y T 0 =1 AR ST SR RS TR LG, SO
1 operating time per one failure op the ooder o 20 e 0
b
Fermala (0.0 holds also Yop seream P L s e G 0
3 svphols noir G code combinarion coipcide werb the et er ot i eyt 0
3 svichols b Poe o hipary constant IR ST TR Iy 7
: i -+ )
i po= b o~ ot - bl LN oo 1 T gn Ctr e e N
(0 (1) (1 ,) i
4 frpem "“(- -w‘\i"' Wi ‘-'El”-\ ,.;' [T W PELEES i f - B ,
CORREII Cat len svstems sy e comsbdered gmui et b aEil o suefisient
(] . Y . . .
] (ST o 1R O 11 I 130 G L 1 B TIC 501 (R RS 0 1S L I
& | [
; P e ey .
50 (0 i
=k
1 R Sl e By B Sk e Ul LT S
‘.“\m. o} 9y <8 tih wacg "i!f'\' ot Shoe g et I LI O U vl e e e G et
CTORCON SORRNORTR 5 GG o ROl R O S S O eSS L Bt e G SSC e (GRS
BRGNS 7R ARG LT AORG: SR A SRS T Ve Lot Ak Al
vty ey AT . VoA e et i v ' DR 5
St it oy R LR o vyt 0 -, v L2 . ‘e )
$hae gt det e abd ¥ o - omroee o T s o )
r t
DORCCEHR T O S FRT R I REREII |
e T i OO RS o . . ITh K . e o N .
1 d° . e . ooy e "~ 5
g i N { R 4 5 M ' Al . . lu
. o b e 5 . .
L . g
. '
[l 5 ! 1
P T A T o — . - — T e e .. =




i
1

T L ST ek S T

R

PRI

T

TR ey A e

S e szl ddtna il bl She o Mk cub it e Lt

SRR MDA St Sl ]

TP I

SO AN EELT TN

where =

mceorrect

code

- Q)

nition,

he maynitude o - ]
"

hility of

",.“.l‘

\n

coding

In

correct

Bl o w0 ]

analopons
S alseoin

the

Sase

is the probability of

recention,

raenitud

o ol

of contan

the

chain

seauence of

coded

the

svmbol s int
canivaler s

/l\ .

e which 15 cal
inoy b e
nons codes an
O =eparat

vrabani Tty of

[

Ted the

worl

wela

which i

combinations

orror

decoding ot o

vl l(‘tl

the ecaunivalent

i

comb g -

]\]‘(\'\;] =

R

relative probabijite o de

tois irpossible to

r=21,

the cnse

(e.p,, in

subdivide

ol oy

<hog )l

the Timiting transition

he determine!

Ny

5 1 v H
7B Y R R ([r 2 s
) 4 *
where (1) [ rhe nprohabhiliev oF Jneappocs coeent jon of o mecagoee cont i
§obhvids o 0 ferrn Song
NI S S DL G A R e O S U LRSS VIR ) RGO Ik U Dl BN
QIO ERETIrE N r T TSR TS 0t T PR = A S S TERE T 01 S ST A I R A JES L T
USSR U the probabilise G0 fecoaerect pecention of g sy T
chapre !l Twrme come; Leegd Ts vwnr? e m, tr e pmetabhi Tt o8 e Srem ce e
i
tion ¢ 1 weanercs cons st Cboevede e je el te AT O L i
Seatence ot gine Plosy s Bits o gt sepdee s, Thse, e canly et ey
Pl ieyv A F saprect rocaneioan e, [
& 1
0 “ -
:{ ¢! 7 (! i | !
l‘.'n
She qnerani=are canabity holds wig s L bR
.. r
/ . Coe
oL,
oS O] N I L TR .., .l :
Ty 1 Yt ! ' toe . H 3 et . . .
M
. RN . .
e i B LRy o . e T . g 0
. . - TR . . . . . .
,
. 1 . . — . - .
e it L Pvdabc it Wit e e iy T O e




T A T W T T ¥ T Ty T TV T o W e ey v warwrone . P <

(1 ¥} (1 pyitpl e

Here the first term indicates the nrobahilitv that all svmbhols are
received correctlv and the sccend term the probalility that one term out
of seven is distorted. The equivalent probabilitv of correct recention is
equal to

o g e T
q.

When p < 1 this expression can be written approximately, ignoring high
powers of n as follows:

% - =] c 1
U 7[} *2‘/)’ -! o 1__’/; . I

S T V75 R R

whence the equivalent probahility of error is caual to

p‘.ﬁﬂﬁpf f2.60
This expression can be ohtained more simplyv it it i< considered that
when pr € 1 the probalility that tiree or more svmhols in a combination will
he distorted in a svmmetrical channel is much less than the nrobam ity of
incorrect reception of two symhnls, Therefore, the probahility of incorrece
decoding of a code combination + in code (7, 1 in the firet anproximation
is equal to the probabhility of incorrect recertion of acv two syrhole ont of
seven:
. '»‘—\ oy B '
R o A VI O ML OPY Y A

whence, in light of (2.66) (2,69 immediateiv Tol i

Generally sneaking, if a binarv correcting code i< denselv nacted,
reasoning similarly, we mav <show that when nr <}

.
£.7 R (T

Vor other than binary codes which correct errorc ar av=hole v icih]e
by r and not correcting errors divicible hv g greater number, the armrovirate
relationship shown in (2,70) al<o holds in 9 evrpetrical chonnel, It
should onlv he remerhered that by i i< understond the amount o¢ irfnormation
in a code combination exrrecsed in hits, fxpression (1,69 j< 4 =articular
case of (2.7M when v = 0, <ince with anv n

If a svatematic code heing used provides for the peccihility of cor-
recting an error divicitlc by r in all caces and alce 1n several cierce nf
an error divisibhle by a hither nurber, *he probahility o€ incorrect deceodine
of a code combhiration « when » € ' is arproximately eaqual to the nrobabhiljen
that there will he incorrcct reception of the r o 1-th cvrhol in one o¢ thp
uncorrected cormhinatione
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where - i< the number of corrected combinatiens of errors divagsable Ty
-

+1

r o+ 1, whence

vo t

It ((.'; L 0y o7

Vrom the exvressions obtained it o0 amparent that the et @t jreness
correcting codes 1s greater the jecs i< the probability of error v in a
stationary «ymmetrical channel,  lor evirnle, wvhen n D, the caunvalent
probability of erreor teor code (7, VY, accordine 1o 07,001 0 s equal aperoxa
mately *o 050 G oL, only halY thar je the case of primary coding, whoe

-3 . . . .
with p o= 10 the ecauivalent prohghilite of error 1¢ on the arder 0 10
P.e., in this case the nerease in Titdelite i< very grest,

e summing up resulve, we miy note that Yoar an obrecs v e corrarsor

ot codes (or o communication svstems) we rav o use etther the npobagbp e e e
uncorrecte! Crror or the cauivalent probagbhit ey o errer, The tiegr e

these measure< 1¢ <uitahle tor Communicalion Svespme Py pam e nge messayres,
the value of which i< not lost when there 1< 0 <mall namber of pryore nlt
Jdecreases only monotonically,  The second measure is comentent 1 thoace
cases when every finiched meccaye must he vecenved without erroc) 1o, wheoe
cven aosingle error rains it o cormpletely,

Hotes

1. {Sece Section 20100 The term “chanee! with rerormy® indivites thye the
crohabhility of crror onoauch o channel devends or how the srecedinge cemho e
were r(\(!»f\-(‘l‘ e, che chanee! 4o g ctores the mpecedins event 1 ..

TemOTY,

In soealinge o the dependence ot errarse g 4 charne] wipth memoay

=1<? Yo hoarne o roind that what i< orean? bfere 1o net 0 caasal fer endenge

bat g <satic Jdeverdence.  Tweoeverte VU oant 0 re cana s dered opdesenten? oo
Frrobabhility cernce wher ar! o oanly o wher oot b ISR thornree, "oy are
Jevendent 10 1t e ever bpnowr thgrt o thay e meed Tt verene ]y

%

Tor exarnle, let errors occur a1 4 Minary Jdieerete Channet Jdue ey
th o the 1atluence ! 4 Certaln source of anferterence N, the interference

sccurting at randen instants of tare with g nroabaghg oty of 0 el $heroe
cvipsting a certain poabability thy® ¢ the g-tn eamhn] g tranemitoed an

the presence oY interterence, a4t tre anstant of transmission of the
1o 1h-th svmbal the interference will cerse (Tilhertte modelt ) 10 ke

conditional prrebab ity of error duriag the action ! anterference 1< raual
to oo v can casilv o be calculated, the averapce urconditioral rnrobab gl

bove

oY ervor 1< caual toe

.
F f'l..;
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recenved incorrect v, Teqerneh s the [Lth cvmhe ] was recetved atoap
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3. ~ee et o DY The YUaree teleprant code s psaal ]y given g oan
cvarple ot rractoad wWhimp method whach apnrovimates aa econorical one,
haid o et g oery b earrte Becanse the Yorce code contatns o cyhetane
R R T A T Copege banos . yieh et the orgncanle ¢ the chortes! comh ity oane
tor the mowt frequertls o encnuntered Jetters was used an develoning g,
"eltepranhiae practiee atfard arother anctructinve evample of the uril -
At on ot the <t gt it gl aropertics ot g source for curtarling the wmverage
: numbher of av=halc in 4 code ceatence which gees net <o much the umvariate
i

provahiirt. dicrrihution o the Jetterc as the probagbg et e conaections
Verneen *he traneritted cipre, Thic e the examnle of varieous unt forr codes

wWaick are uard e teleprairting By o the reans of tejegranh arparatus cqurnred

otk Trepiiters,
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Yhe nunber of letters in the alvhabet of most lanpuases Joes not exceed
thirtv-two. Therefore, anyv telegram written with letters can be transritted

with a five-digit binary code (since 27 = 37, In addition to letrers,
Fowever, telegrams <ometimes contain nunerals and punctuation mard <, <o
the total number of signs in the alpkabet of the telepranh apparatus 1< cnn.
stderably more than thirtv-two, Therefore, prirmary encodirp in 5 umifore
binary code would reauire <iv svmbols in the code combination,

thiye

The average numher of cvmhiols per sign 1 subctantial iy reduced
using 1 sverem of registers, In the <simnlest case a telepranh apearatus hoae
two registers, i.c., two possible states, In the firct <tate (letter repis-
ter) five-digit code combinationz corresrarding to the usual letters af the
alrhabet and the spage hetween worde are zent and received, In rthe <epand
state (numeral regicter) the <ame code corhirations correcpoand to nuyrerl«
and punctuation rarbs,  Two code combinat ons are used te trancter che re.
ceiving apraratus from one regicter to the ather,

It i< easy o ascertain that ¢ g1 the <rgne Oincludirg rurer |«
sunctuatton mart <) appeared in celeprame with the came npahdg ey by
regrster svertem would not he economical, but, o the contrary, wonld pooe
certain lose in commarison with ue oF 0 nrgmary siv-fipre code, I e,
1Y the nrobability thar the nevt transmitred cipr helanps te the Jevrer
regicter i< 172, then the probabrlite thaye exactlv bocipne in <qroecsnry
will belong to the letter revister, atter whick shere vl anvear 4 oo pn

: . . LI R
Lelonping te the nurmeral regicter, 1t ] V71 0 ) PR &y i e s
1 < ll\‘ true -’( the 'Y'“’l““."\' eho e 1 SIEre v o T well bl - . .,
~ureral regicter,

The =athematical exnectasy ¢ of 1 cipne iy oo gy ron Pevnre

change of register e .
t .
: (o

Theretore the <ign for change of repicter Wil be o on he averaoe,
iransnittel after every twn inforsation lettere, Transmicsian 00 Y cypne
reguires an average of SN D more evmhale far regicter chamee comhinarone
heerdes the S\ svrhale far the cole comhinatinne she=celyvpe,  "ho averape

Y = TN e, mere thge weth

numher of cavmbole per <ipn will he S0l e )
pri=ary encoding in a civ-digie cnde,

In reali®y, numerals ard runctuation =arls s~ccour corciderab iy lece
~ften in telepran texte than dn lettere, Turther=avre, numerile oforr 65110

one after the o*her. V< a result the averace lenpth A she crguence ~F
signs beloaging te ane register 1< cybetantially ~ore than swe and ordiear:

The widely used Savier telepgrarh arparatus €7-5% yere three registers..
Pus<ian letter:, latin Jettere ar! nurerale (r=cluding ounctuatoer =arle

106 -
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reaches <several tens, By virtue of this the average number of svrholc
per sign proves to he but little more than tive, i.e., usine registers
vields consaderabhle <avings,

let us note that the emplovment of regicters, lile other methods
ot reducing redundancy, Jdecreases resistance to ointerterence. This <hows
up in the fact that incorrect reception of a register-shift combination a-
4SRN, Or VIJe versd, Causes orrors o in g serics of tollowing <igns and
cven changes the number of signs received.,  therefore, register coding i<
generally not used in medern svatems of discrete intormation transmiss<ion
onhar ol biph reliabilite e demanded,

d. See Sectiens LT oand DoY) The <irelest method corrective coding
psorepetition of intormation syvmbols, 1Y every bodipgit combination ot
rrimary code i< repeared d tires o ocorrecting code with no= dboand wieh oy
Pamming distarce of d will he obtained. [Tt is interesting teo note that
thi< sode will bhe svetematic and ovelical,  Aecording to the perneral rule
1t will permit detecting errors if their number does not exceed d - 1 or
correcting errore if thev are divisible fwith oan odd Y b oo onumber noe
preater than 1°2( - DY Correction of errors i here verformed v the
rule of the marority which in o svmnetrical constant channel corresponds

to the criterion of raxiral Nitelihood,  The rodundancy ot cuch o code
T I - 1 d i< much preater than ar rore corplex coddes wrth the o gpe

t

bameiny Jdistance, Y o chorteoring s made ulb o tor by osornlicaty o fecad e,
r

only in orare cdasces.

Te poearsicular case 149 a4 combination of 4 oprrmary code e trane.

=1ttt twice, 0ocode with d = s ohtained whach nermits only the e
=-in
] cection of <nple cerrors fard also ather errors aith o odd Grvscshp e gtk
E redurdancy ot r 177, T ae g o<mrle matter 00 conetruct a hinary code
1 Y
with such v oredurndancy but o wath 0 = D whgck permits correctinp stircle
it

crrors and, turtherrore, correctieg louble errors. For this murvose gt oo
suffictent n revetitior of o ocole combination, 1Y the gnit gl comtpnation
Sas o an odd werpht, te imvert the avmhole e, tr o rerlace 0 T e T
nd vace versat. The dength o reseiting corhipatior myct be onret lecs

»
v

-

wan our, Neceding 1< loare an almes® the are way o as w1ttt oAardirary rete-
tiiion. -

1 cormhinations ¢ a1 redundant code with a mirimal Mammere dictance !

]
are repeated several times, a code with ! = 1 od,, where e the nurter
—3Q
6 repetitions, is obtained.  Thus, "v reveating comhrrations with '} a 3
Twice, we obhtain o code with ! = 4 and we are an th, - L akle 0 Ccorrect

~in

dingle citors and 1o detect double errore,

The e<sence of such =etnnde of ¢coding Joes rot change 19 the lenptt
o€ the repeated Blocl e gncreased o the duration of ar ertire Siniche!

T -
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message,  In th < vrocess the eftectiveness of the code mayv he increased
thanks to error . correlation., Therefore, it is impossihle, as <some authors
Jo, ta contrast svstems with repetition with svstems with a correcting code.
The repetit 7 0t a mess<age i< also g correcting code which ic little effec-
tive hut, on he other hand, easilv realizable.

3.0 (See Sectiens 2,7 and 2,90 In speaking of the limited poscibhilities
of puaranteeing a high Jdepree of fidelity in neisv channels bye usine cor-
recting codes with a long bhloct length n, we had in mind, firsrlv, the
difficoulties inherent in encoding and decoding,  In some cases, however,
ohstacies of another aature ari<e which Timit the maenitude of p oand therets
the achievable fidelity,

When no» 1o significant amount of time clanses between the <tart and
end of reception of a hlock. PRut prier to the termination of reception of
a hlock it is impermis<ihle to procecd to the decoding of i, Thus, hetween
the start of recertion of a messace and i<<uance of it to the recinient
there i< an inevitahle time delav vhich i< provortiona] to n, 1 pescanory
ive created by oa <onrce with g Sived rate, almost the <ame delav occurs

Jusing coding inasmuch g a0 code combination mav be farmed onlv after the
cource hac eritted o <ufficient voalure of meccape.  In o <ome <vsters o lenye

Jelav i< irrermicsihle inaeruch e the trapsritted information rarg 'y 1o

1T value,

s sedtiap SaSY 0 Uil e i < e e el i REtea BRIt Sl
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Since [l'(\',.\".\"\jl\.' 0 (because the average rate of information
tra . smission cannot be n'm:nri\'v\, we will obtan
I ‘('/'t"- AR
On the other hand, in tormation theory it i< proved “hat
[ S, u. Vo [N YR oS
where H(SY is the entropy of the channel seate, wvhence it fnllows that
| R Y AN U Ho(™

Comhining these inecaualitics we find

| A AT N HooN I 10", A v (2.7
ot niv) he the distribution of symhol nrobahilities maxiricing
v o) Then the carrvipe capacity of o channel with memory s
N T 2T

and since inequalityv (0,78 helds wath ogn. distribarion of ooy then

Y B A }‘“'0‘1\ IR AN g
. ro

Hipt the maximum of the veraee value of <evera! magnitules 'oee not exceed
the average value ot the maxiru~s, whenee

1l ’ -

1] ot ! 0wl o l--u " . . R <
I . ‘
whoere ("' 1< the CArrving RN PO RN .~“\3<-“:p' TEFTS SRR R AT samsegt o b s
pesumnt ion thae *he <t tec gre Lnowe,
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CHAPTFPR [ 1H1

CONSTANT-PARAMETER CHANNEL WITH ADDITIVE
FLUCTUATION INTERFERENCF

3.1, Statement of the Problem

[his chapter cexamines the transmission of discrete messapes with

element-by-clement reception in a constant-parameter channel,

of the code sequence is represented 2s some sepment (element) of a signal
sent from the transmitting to the receiving device. The receiving Jde-

vice determines from the received signal plus noise and the chosen statis-
tical criterion what syvmbel was transmitted and then determines the trans-

mitted message from the restored sequence of the code svmhols,

In an analvsis of the transmission and reception of signals bhearing
discrete information discloses the following main questions arise:

a) what should be the design of the first decision svstem which de-
termines from the received signal clement what svmbel was transmitted;

B) what is the maximum probability of correct element reception with
given parameters of the signal and intertference and with the use of an
O

ntimum decision svstem,

¢) how does this probability change if the actual system of the receiving

device deviates from the optinum decision svstem;

d) what <signal shape should he chosen in order to produce the greatest
fidelity when different restrictions are imposed (e.g., eiven signal

strength, ete.); and

¢) what is the carrving capacity of the channel under examination with

Jdifferent restrictions imposed on the signal,

These questions have, to a significant degree, been answered for a
) 4

channel with additive {luctuation interterence by Vo, A,
. F. Sha.nen [27, and other authors,

Kotel'nikov 11,

3.2. PRepresentation of Siqnal and Interference lisinag Expansion Into a

Fourier Series

Let cach of m symbols of a code he transmitted as some element of

signal Zi(T) (i = 1,...,m) given over time interval To'

“11.1-

Thus, the signal

Fach symbol

{
{
i
!
]



S
T

.
.
4
3

!

represents a sequence of clements of cqual length, We will studv the
conditions of reception (discrimination) of a single clement of the
signal, \ signal plus additive arrives at the input of the receiving
device, the signal being expressed bhy:

T BT P S % B/ VS B T S AL SR PR B 51

where .. is the channel transmission factor; rn, the passape time of the

signal in the channel; n(t), the additive intertference; and UPY the instant
of start of transmission,

N
V

In this chapter we will regard o and rI as constants, In addition, it
is assumed that the value of 1 is known when the signal is received,!
just as is the shape itself of each element of signal :i(r). Moreover,
the instant tn—tp of the start of reception of a pgiven element s known,
i.e., the transmission svstem is considered to he svnchronous. Taking
this moment as the heginning of the time count, we mav write the expres-
sion for the received signal as

S e ey (0 Ty, I

The first decision svstem must determine the index of the transmitted
clement of :i(t), i.c., analvsis of the received signal 2'(t) must be used
to decide what code syvmbol v, was transmitted,

i

l.et us represent the functions :i(r\, nie) and z'(t) in the intervsl

0t To as a Fourier scries::
o)
20y N faperstotd bysnk.n,
¥ o
. . (3.0
nity N e Tt} feain b,
k0
o
21 N dgeos kg Bysinfaf),
r o

Tt will be shown helow that in a number of cases this restriction mav he
removed.

In some cases, as will be shown below, it is convenient to study the signal
in the interval 0 2Ty wvhere T - To' Here information is lost which is

contained in the discarded portion of the signal element in interval
Tt To' Rut if To - T< T, this lost information has little cftect on

reception fidelity. At the same time, proper selection of T substantially
simplifies the decision svstem,

Sce Remark 2 to Chapter 111 for the meanineg of the expansion of g
random process into a series.




where

It is obvious that
‘IR el n : In.

By phac-f oy (3.7

The Fourier coefficients \l, l’.1 contain all! the intormition thour

the transmittdd signal that there is in the received cppral =tre i o
2 {r) may be uniquely restored from these coetVicients,

In the vast majority of cases signals = (1) are <o chosen that only
. : s ;
a finite number of coefficients Fop and %.‘ difver Crom zero, 1 otv e o
ik i
dition is not ohserved o value T - 7 mav usuallv oo selected such tho
-
wren the signal is represented as a Fourier seories in the interval 0
S o T (as stated in the footnote) a finite and, in most cases, o srali
il tated the footnote) 1 t i t , ]
number of coefficients a. L and hil mav be derived which are difterert
S ] 3 ‘
from zero.
let kli and k represent, resnective!lv, tae least and the greates:

=
|

subscripts of the Fourier coefficients 4y and hil which arc ditferent fror

zero, Then k]i/T and kﬁi/T are the least and ereatest freauercies in the
Folpier Bt H e efpressi on wft §ignal :i(rW. Let's apres to call the marn’-

tude I = (k,. -k + 1Y/T the frequency bhand occunioed v osignni oot
2

I i
I by hooand ko oare understood, respectivelv, the least and the preatest

1
vilues of Kk with respect te the wvhole <ignal set used in vthe eiven corpu-
nications svstem, the magnitude

by, by
AN =R == ]

represents the frequency band occupied by the svetem,

Obviously Foo- 170 We will call dense these svetems {for which | i3 I
LAl .
for all i, i.c., when 2ll realizations of the <ignal occupy the same fre-

quency hand.

It should he noted that the magnitude V' i< not the signal spectrum
width in the ordinary sense. As a rule, the signal has a centinuous,
not a discrete, power spectrum, and furthermore it is unlimited,! Ihe

ISee Remark 1 to Chapter P11,
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expressed as series (3.2}, Taking intoe account the orthogonality o the
trigonometric functions
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whenge, after simele rpanstarmacions, ‘ollone 2he caquivalence o incoudl *ies
(3,24 and (L2,
The decision peincivle an arteprad torm (300 was Firet Jdeprpved!
VoA btotel ety T 0n the vartionalar case where the o nrjori prob
Bafhj e s 0% the syflbodic aFu ndemtieal, @ v, this rrincipte adente
cimnle torm '
r r
| . . S Vv, . 5 o
S NSRRI T T T }[ () e, (3. 24
0 "
sigritving that the Jecision svstem must select the expected sipnal WT
which has the least mear-square Jdeviation trom received sipgnal z'ied . In
this case inequality 13, 279) qadents the form
2 N
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lLet us ol serve that in expressions (3.233) and (3,23M) it i< in fact
sutticient ta tale into account only the terms fFor which | or hxl are not
\ b .

identically equal to zero (at all volues of 1), hecause the remaining terms
are identical on both sides of the inequalities. 1In ather words, the nuree-
ber of coetficients \L’Bl nt the received signal which are significant

when making a decision about the transmitted svmbol is ecaual te the base of
the svstem (3.5),

It is apparent that the principle expressed by (3,23bY or by (32440,
which is equivalent to it, can e ohtained with arbitrary values of the
a nriori probabilitics of the symbols if the criterion of maximal lileli-
kood is used instead of the criterion of the ideal obhserver. We will draw
attention to the fact that this princinle, in distinction from (3,243, does
not reauire knowledge of the intensity of the interference which determines
the dispersion o In this lies one more merit of the cciterion of maximal

likelihood. 0

‘.

Figure 3.2 shows the functional diagram of a device which operates in
accordance with decision principle (3.24). Received signal z2'(t) goes to
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simlatops A the evvect ol wrpr gl T werve i e aghe g ghae 3
o tY coltapes met et v o wenvodyee the shape g !ong s iy e Vil et
| g
' recente ! cipnate and exactly coancnde et o shee o ime eovale ;
; trom rthe subrractinge levives are cquared op covrecvonmting noelaee 0 e )
.: cuite with aguadratic characrtery rics and are anterrted, Cor canme e by
4 charging over great resistinces of ¢ocacitars withont feal oo, Vrothy i
) instant 1 = I the voltages pass Freom the camageicare fo 0 e e sy et ’
<ooarranped s to rrecopt gt ite ontpat the mamher of the sanacirar wrth :
the Jowest poatential,  Irois oapparent har the result of theoe neration
] ic ro determine the [-th «xmhol which entistios ineaunelitey 30400 Yrer
1 this the cavacitors Jiccharpe by instaptars e chare circuis b ohe Cirengds ]
. i< ready to receive the pext signal olerent . In thar coce vhop thye wemhioig !

are not equirvrababde, the canacitors, ipstest o8 Nhechareiagy, mist chare

oo notential numerically equal to I }'Pr' Here, as mav casily he as-

! certained, the circenit will overate n contore te with the seincinle ex-
essed by (3,00

The circuit exarined is. of conrse, nor cuited o cracrical nse, Iy
narticular, 1t is verv difficult to sevare accurately with o rondinenr

: Jiveuit.,  This difficulty mav, however, he circumvented by orpanefogming +he

: receprion princinle in expression 73.7434) or (3 °5hT 0 Opeping the naren-
: theses, reducing, and intreducing the Jdesignatior ;
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: we derive the equivialent inequality
Xe PizX. P T 1
5 when all r # 7,
:
¥ 1t is presumed that the resistors threugh which the canacitore discharye
3 are so large that the discharpe current is strictly prenortional to the ‘
: voltage at the output of the nonlincar circuit indevendent!v of the <ire ‘
' of charge on the anacitor, i
3 - g o o 0 9 . N - o ol b
, “In the following material decivion nrincivles apd functional diaerarme will i
g he given for svstems with cquinrabable evmhals, They alse meet the criterion
of maximal likelihood in the case of arbic apv g priori probability <vmbola !
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Fiqure 3.2. Decision System Realizing g
the ldeal Nhserver Criterion (¥otel'
nikov's Criterion), }
'ere Pr i< the averape power of signal ;:r(r\ at the input of the re- !
ceiver, while Xr is the scalar preoduct of received sivnal z'(t) and ex- i
X
pected signal o (t), 3
: r i
%
. . - .. - - . - . - - — i
The tuncticaal diagram (Vigure 3,5), designed frem incauality (3,27, g

contains m multinliers' to which come the received signal z'(t) and the
voltages "r(r) (r = 1,...,m) trom <jgnal simulators. The voltages from

the output of each multinlier are integrated and the recult of integration
ie fod to a subtractineg device in which maenitude Yr i< subtracted from it,

\t instant t = T the voltapes from all the subtracting Jevices are comrared
to ecach other in the comparator, which emits the nurher of the symbol far
which voltage N.-I', exceeds the other rotentials \r - Pr Thereafter the

’ [
potentials in the integrators are cut oft and the circuit is readv to re-
ceive the next signal element,

The decision principle and its functional diagram mav he greatly <im-
plified if the signals :r(r are <o chosen that their nower (or average

power)-is identical (I‘r P.oo= const).  Then inequality (3,27) takes on this

simple form

Ay (% 28

ISee first footnote on p, 148, In the given circuit the multiplier is often
called the svnchronous detector.,
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: when all r # 7, and the subtracting devices indicatated by the broken lines 3
f in Figure 3.3 may be omitted. But the simnlitication which can he obtained
4 is not limited to this Tnequality (3,28) differs from (3.27) in that it
1 does not depend on transmission coefficient v and, conscquently, when the ;
b’ signals are of equal power, it does not requive a nriori Fnowledge of the 3
3 "seale!" of the expected signals, but onlv of their shape, to bring about i
E

The

] optimum reception in accordance with the ideal obhserver criterion,

: signals generated by the simulators must coincide with the expected signals '

' 2 (tY in shape and, of course, must he strictly svachronized, \s for rhe 3

] “seale' of the simulating signals, it mav he arbitrary and the most convenient |
for practical realization, as long as it is the same in all simulators., In X

i Fact, when we increase the voltape of all the simulators by a factor of n
we increase the voltage of all the simulators by a factor of n we increase
X _and X, bv the same number of times and hence do not aftfect the observance i

of 1nequality (3.28)

] HV’ —“ :‘
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| [ﬁ e |
4 . ;
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3 g ) AT Comga- p
] 2 ] Vg rat 3
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;“ 2t 1P i
’. nft Ty Ei
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3

Figure 3.3. Variation of Decision
System Realiz nq the Ideal Observer ;

Criterion.

3 §
4 p:
L As will he apparent from the following, this important property of 3
b systems in which the power of the signal clement does not depend on the 4
transmitted svmhol (feasibility of optimum reception without a vriori }
knowledge of the propagation coefficient or even of the nower ot the ]
| emitted signal) is also maintained for channels with variahle parameters. |
3 We will agree to call such systems "active-interval svstems."
2
1 The circuits examined contain elements with variable parameters ;
' (short-circuited capacitors). They may, however, be converted so that :
i
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they contain only clements with constant parameters and at the same time
function in conformity with the reception princinle of inecquality (3,27)
or (3.28) (for active-pause svstems), This variant differs from those
examined in that at the output of every multinlier is connected a tinear
pulsed filter instead of an integrating capacitance.  This Cilter's pulse
response is

I when 0 <t < 7T,

) -
£ {O when 0 < 0 and t > 7T. (SRR

This tilter js physically vealizable,  The voltape at the filter's

output at instant t = rl will, according to huhamel's theorem e he

Il
(- S po A (), ol
' 1, {3, 3

s S ) (V) d,
T
where z'(t) is the received signal and :r(r\ is the voltage of the r-th
local oscillator (sigual simulator),

At the moment an clement is finished the voltage at {ilter output
represents the result of integration during the reception time of that

element. At this instant the voltage at the outputs of the filters tor of

the subtracting device are compared to each other and act on the recording
device.

It must he remarked that with respect to the requirements for svnch-
ronization this variant has no advantages over the syvstem in Nigure 3,3,
While the capacitance-integrating syvstem needs to cut in the inteerating
circuits at certain instants the svstem with optimum filters hehind the
multipliers needs to feed voltage at certain instants to the recovding
device, and the requirements for accuriacy of svnchronization are identical
in both cases. The optimum filter of (3.29) mav in nrincinle be realized
with a delay line figured for time I, c.g., as <hown in Figure 3.0,

- Tt Ontpun

(=4

f T

T deiay
" Ihm.

Fiqure 3.4. Diagram of Intearatinag
Filter.
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3 s adduce <t D another decision svstem Jdesipen variant (Vigure 5,51 j
wWheo b b ise contarns no carnonents with variahle parameters and, tarther ;
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means of 1t g svstem for putting the optimnm Jdecision principle into prac-
tice and thus for providine the preatest possibile neobabhifity of correct
signal adentification, |
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et us observe than when t - 27 the voltage at the cutput of the
matched filter and caused by sipnal :r(t\ actineg in interval (0.7 ecquals

zero.  From this it follows that the readout instant when the next element
iv being received thore i no voltape at the output of the matched Filter
caused by the precedine signal elements,

Vmatrched filrer with o transtfer function (3,37 amounts to a linear
circuit with constant parameters. Sometimes it i< convenient to refrain
from the demands of constancey in a filter and this vield additional nossi-
hilities for Jdesienine different variants of an optimal decision svster,
the idea behind their desivn i< hased on the fact that cauality (3,300
holds it the pulse resnonse of the Cilter satistfies condition (3,317 onlv
over the interval 0 -t - ) and when t Tt mav have any value, 1074
received stimal o) s delivered to o such o Filter at instant t o= 0 o1

instant © + T o readineg caual to 7 Yr can he taten Crem it o inasmuch a< the

vitlues of \l,.(H when t - 1 do not tabe part in the limits of intevration
(3,300,

However, with such o filter the remart made above to the etfeet that
its reaction to preceding elements ot o <iynal will fade comnletely by the
instant of reading of the next clement does not hold,  Thus, 13,307 holds
only for the tirst received element,  This shortcoming is eliminated com-
pletelyv it after cach reading the filter is hrouent to zero initial condi-
tions by damping the oscillations, This can he done by shorting o111 capu-
citances of the filter for a in<tant and ovening ite inductances.  ‘herehy
such o filter hecomes a circuit with variable parameters, periodically re-
fecting the enerpv accumulared in its elements,

It i< convenient to select o function urlt\ of such o filter such that
over the interval 0 - t - e © T it satisties condition (3,310 and when
t T it continues reriodically,  In other words, this fiiter can he matched

in the sense of conditions (3.3 and (3,320 with a veriodically extended
signal :r(r\.

In the particular case of a <imple circuit when = () renresents o seg-

ment of a sinusoid, an ideal oscillating circuit without damning with a
resanance treaucency of Y caoinciding with the frequency ot <iynal z ()

shorted tor an instant after cach reading constitutes such a filter,  In nrac-
tice a circuit which is damred much less than rT is used,  Such circuits

with variable parameters (with g periodic reset) have been called commutated
filters,

A1l the decision svstems considerced above permit, at instant of readine
t = T, obtaining at the input of the circuit comnarisons of potential c.gual
to the magnitudes of Xr fwith an accuracy to a common factor). However,

when t < T the notentials at the output of the matched or commutated filter
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in Figure 3.5 differ ereatly tfrom the notentials at the ocutput oF (he o o
tegrator in Figure 3.3, et us illustrate this by the examnle where the
signal is a quasi-harmonic with relativelyv slowlv chanpinge arplitude and
nhase with respect to

sty Ve et snn).

and LT 1, Let us assume that <ipgnal 0t i< actually heine rransritted
i

and that interference is so small that it can be neplected, <o thye -t o
5 :iir) with a common factor of accuracy,  'hen gt instant 1 Ythe no

tential i the interrator in the svaterm in Pigure 3.3 1oy in the ontiegm
filter in Vigure 3,4) is
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Aand ot mav be called the ecauivalent power of the <ipnal pair ?l!ri and
1 o e s, dn tact, the rower of the difference hetween theese <ipnale,
s : . . R ‘ . . .
The rivht <rde of fneanality 3.3 represents< the linear combination
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